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Q1 1.1 Let X = S1 � D2 be the solid torus and let @X = S1 � S1 be the torus
boundary. Compute the homology groups (with integer coefficients) of the
quotient space X=@X .

1.2 Let W be a compact manifold of dimension 2n + 1 with boundary @W = M.
Show that for the Euler characteristic we have �(M) = 2�(W ).
Show that the projective plane RP2 is not the boundary of a compact mani-
fold of dimension 3.

1.3 Let M be a closed orientable manifold of dimension 4n+2. Show that the rank
of H2n+1(M) (with integer coefficients) cannot be 1. You may use standard
results on cup-products without proof.

Q2 2.1 For p 2 R3 and r > 0, let

S2
p,r = fx 2 R3 : jx � pj = rg

be the 2-sphere in R3 with centre p and radius r .
Compute the homology (with integer coefficients) of the space X � R

3 de-
fined by

X = S2
(0,0,0),2 [ S2

(1,0,0),1 [ S2
(�1,0,0),1.

2.2 We define the space X � R
5 as the following union of four subsets of R5

X = fp 2 R5 : jpj = 1g

[f(r , 0, 0, 0, 0) 2 R5 : �1 � r � 1g

[f(0, s, t , 0, 0) 2 R5 : s2 + t2 � 1g

[f(0, 0, t , u, v ) 2 R5 : t2 + u2 + v2 � 1g.

Compute the homology (with integer coefficients) of the space X .

Q3 3.1 Consider the set X = f1, 2, 3g which we topologize by giving it the topology

f;, f1g, f2g, f1, 2g, f1, 2, 3gg.

Show that X is contractible (in other words homotopy equivalent to the space
fpg consisting of a single point) via the homotopy equivalence

fpg ! X : p 7! 3.

3.2 Hence or otherwise, compute the homology groups (with integer coefficients)
of the space Y = f1, 2, 3, 4g which has the topology

f;, f1g, f2g, f1, 2g, f1, 2, 3g, f1, 2, 4g, f1, 2, 3, 4gg.
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Q4 Let (M, d) be a metric space, and for k � 0 an integer let Γk (M, d) be the set of all
functions ' : Mk+1 ! Z, where Mk+1 = M � M � � � � � M is the cartesian product
of k + 1 factors of M. Define �k : Γk (M, d) ! Γk+1(M, d) by

�k (')(x0, ... , xk+1) =
k+1X

i=0

(�1)i'(x0, ... , x̂i , ... , xk+1),

where x̂i means that xi is to be omitted from the formula.

4.1 Show that (Γ�(M, d), ��) is a cochain complex.

4.2 For " > 0 let Γk
"
(M, d) � Γk (M, d) consist of those functions for which

'(x0, ... , xk ) = 0 whenever d(xi , xj) < " for all i , j 2 f0, ... , kg (for k = 0
this means '(x) = 0 for all x 2 M). Show that Γ�

"
(M, d) with the restriction of

�� is also a cochain complex.

4.3 Let Γ
k
"
(M, d) = Γk (M, d)=Γk

"
(M, d) and �̄k : Γ

k
"
(M, d) ! Γ

k+1
"

(M, d) the cobound-
ary induced by �k . Write

Hk
"
(M, d) = ker �̄k= im �̄k�1,

and calculate Hk
"
(P, d) for all integers k � 0, where P consists of one point,

and d is the unique metric on P.

4.4 Calculate H0
"
(T , d) for all " > 0, where T = fx0, x1g is a set of two elements,

and d is an arbitrary metric on T .

4.5 Assume that (M, d) is connected. Show that H0
"
(M, d) �= Z for all " > 0.

4.6 Give an example of a metric space (M, d) such that for all " > 0 the group
H0

"
(M, d) is different from H0(M;Z), the 0-th singular cohomology group of

M.
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Q5 Let G, H, K be abelian groups.

We say that G satisfies property (S), if whenever ' : G ! H is a homomorphism,
and  : K ! H is a surjective homomorphism, then there exists a homomorphism
� : G ! K with ' =  � �.

We say that G satisfies property (R), if whenever ' : H ! G is a homomorphism,
and  : H ! K is an injective homomorphism, then there exists a homomorphism
� : K ! G with ' = � �  .

5.1 Show that G satisfies property (S) if and only if Ext(G, A) = 0 for all abelian
groups A. Hint: For one direction, express property (S) in terms of
 � : Hom(G, K ) ! Hom(G, H).

5.2 Show that G satisfies property (R) if and only if Ext(A, G) = 0 for all abelian
groups A.

5.3 Assume that G satisfies property (R), and let H be a subgroup of G. Show
that G=H has property (R).

5.4 Give an example each of a group G such that

• G has property (S), but not property (R).
• G does not have property (S) nor property (R).
• G has property (S) and property (R).

Justify your statements, and state every result you use from the course.
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