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Q1 1.1 Let f: R® — R be given by f(x, y,z) = x> + y> — z2. Determine for which
values of ¢ € R the level sets f~'(c) = {(x,y,2) € R® | f(x,y,2) = c} are
smooth submanifolds of R3.

1.2 Let f: R” — R¥ be a smooth map with n > k. Let y € f(R") be a regular
value of f, let M = f~(y), and fix p € M. Show that T,M = ker(dfy).

1.3 The Heisenberg group is given by

1 x z
H=310 1 y||x,y,zeR}.
0 0 1

Note that H has a global coordinate chart ¢ : H — R? given by
1 x z
([0 1 y[)=(Xxy,2).
0 0 1
Let e = ¢7'(0,0,0), g = ¢ '(x,y,2), and Ly, Ry: H — H be the left- and

right- multiplication maps, defined by L4(h) = gh and Ry4(h) = hg for h € H.
Calculate the tangent vectors

0
dLy(e) (ay’e> € TyH
and 5
dR,(e) <62|e> € T,H
in terms of 3|, |5, and 37|,

Q2 A set A C R? has measure zero if, for every € > 0, there is a sequence By, B,, ...
of closed rectangles in R? with

ACUxB,

and
Y2vol(Bp) < &,

where vol(B,) is the usual area of B, as a subset of R?. A subset A of a smooth
2-dimensional manifold M has measure zero if there is a sequence of charts
{(U;, 91}, with A C U, U; such that each set (AN U;) C R? has measure
zero. You may assume without proof the following:

(MO) If f: M — N is a smooth function between smooth manifolds M, N and V C
N is open, then the preimage f~'(V) c M is open.

(M1) If f: U c R?2 — W C R? is a smooth function between open subsets U and
W of R2, and A C U has measure zero, then f(A) C W has measure zero.

(M2) Subsets of sets of measure zero in R? have measure zero.
(M3) The countable union of sets of measure zero in R? is a set of measure zero.
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2.1 Show that if A ¢ M has measure zero, then (AN U) C R? has measure
zero for any chart (U, ¢) of M.

2.2 Assume, without proof that, if M is connected, then the converse to item
2.1 holds, i.e., if A C M is such that ¢(AN U) C R? has measure zero for
any chart (U, ¢) of M, then A has measure zero. Show that if f: M — N is
a diffeomorphism between two 2-dimensional connected smooth manifolds
and A C M has measure zero, then f(A) C N has measure zero.

Q3 Let M ={(x,y,2) | x3+y? = z} C R® be the paraboloid equipped with the Rieman-
nian metric induced by the Euclidean metric on R® and consider the coordinate
chart

o= (r,a): M\ {(x,0,x%) | x >0} — (0,c0) x (0,27)

given by ¢~ '(r,a) = (rcos a, rsina, r?).

3.1 Calculate in these coordinates

0 0 0 0
v%as v%%s v%aa v%%;

where V is the Levi-Civita connection.

3.2 Compute the vector fields 2, 2 in terms of x, y, z, 2, %, 2.

3.3 Compute the scalar curvature of M with its induced metricat p = (0,0,0) ¢ M
using the coordinates x, y of M.

ab

Q4 41 Letg,b,c,d,Bc Rwithad —bc =1, A= c d

$pag:CxR—CxRfor(z,r) e CxRby

). Then define the map

az+b

¢a(z,r) = (cz+d’ r+B).

Now consider the collection G := {$a5| A, B as as above}. Prove that G is
a Lie group with composition of mappings as group operation.

4.2 Let G be as in (4.1) and e € G be the neutral element. Let v = (D, 1)

with D = (1) _01 . Prove that v € T,G and then calculate explicitly the

left-invariant vector field X on G such that X(e) = v.
4.3 Let M = {(X1 + iXo, X3) e C x R‘ Xo > 0} and

G11= 0o = X3°, O12 = 021 = G13 = Js1 = Oz = g3z = 0, gaz = 1 define the
Riemannian manifold (M, g). Prove that the elements of G are isometries of

(M, g).
4.4 Let (M, g) be as in (4.3). Prove that the parametrized curve

x(t) = (xi (1), x2(t), x3(t)) € M

for t € [0, a] is a geodesic of (M, g) if and only if the following two properties
hold:
(i) the parametrized curve (x4(t), x2(t)) € (R® N {x > 0},9;,/,j = 1,2) is a
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geodesic;
(ii) the parametrized curve x3(t) € (R, gs3) is a geodesic.

Let v,x € R"” and let x - v be their Euclidean inner product. Fix coordi-
nates x;, i = 1,..,n, of R” and set gix = €V for k = 1,...,n, g; = 0
for i # j. This defines a Riemannian metric g on R". Let p € R” and
P = span{d/0x1,0/0x.} C T,R". Compute the sectional curvature of P
in (R", g).

Let v, g be chosen as in (5.1) and let w € R”, |w| = |v|, and let hy = e¥"
for k =1,...,n, hy = 0 for / # j define a Riemannian metric h on R". Prove
that there exists an isometry ¢ : (R”, g) — (R", h).

Let g; be the Euclidean metric on R”, let f : R" — R>° be a positive differ-
entiable function, and let h; := fg; be another metric on R". Assume that
every geodesic curve in (R", g) is also a geodesic curve in (R”, h). Prove or
disprove the following claim : The function f is a constant function.
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