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Q1 (i) Use the derivative of cosx to find
d

dx
(arccosx) .

(ii) Express the complex number
3 + 5i

1− 3i
in the form a+ ib with a and b real.

(iii) Use the definitions of sinh and cosh in terms of exp to show that

cosh(A+B) = coshA coshB + sinhA sinhB .

(iv) Find
d

dx
(xsinx2

).

Q2 (i) Evaluate the indefinite integral∫
x+ 3

x2 + 4x+ 6
dx .

Hint:

∫
1

x2 + a2
dx =

1

a
arctan(x/a).

(ii) Evaluate the indefinite integral∫
x− 1

(x+ 1)(x− 2)
dx .

(iii) Evaluate the definite integral ∫ π/4

0

x2 sinx dx .

Q3 (i) Find all complex solutions of the equation

z4 =
√

3− i

and draw them on the complex plane.

(ii) Evaluate the following limits without using l’Hopital’s rule. You will only get
full marks if you explain carefully the steps and rules you are using to prove
the limits.

lim
x→3

x2 − 2x− 3

x2 − 9
, lim

x→∞

2x+ 1

3x+ sinx
, lim

x→0

tan 3x

x
.

Q4 (a) Define convergence for an infinite series S =
∑∞

n=1 an. Give a necessary condi-
tion for convergence.

(b) Determine whether or not the series

∞∑
n=1

1 + cosn√
n3 + n

,

∞∑
n=1

(n+ 1)2e−n

converge.
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(c) Determine the interval of convergence for the power series

∞∑
n=1

(n2 − 1)(3x)n.

Determine whether the series converges at the endpoints of the interval of
convergence.

Q5 (a) For the function f(x) = ecosx,

(i) Find the second-order Taylor polynomial p2(x) about x = π
2
.

(ii) Use the Lagrange form of the remainder to obtain a bound on the error
f(x)− p2(x) for x ∈ (0, π

2
).

(b) (i) Find the value of c for which the following three vectors are not linearly
independent 

c
7
1
−4

 ,


2
1
−1
0

 ,


1
3
1
−2


(ii) Assume c does not have the value you found above. By considering the

standard basis vectors of R4, or otherwise, write down a vector v such that
the set of v and three vectors in the previous part of the question form a
basis of R4. How do you know the set is a basis?

Q6 For which values of α ∈ R does the system of linear equations

αx+ αy + α2z =α

x+ α2y + αz =2

x+ y + 2αz =1

have (a) no solutions, (b) infinitely many solutions, (c) a unique solution?

Find all the solutions in the cases (b) and (c) and in each of these two cases write
if the set of solutions represents a point, a line, or a plane.

Q7 (a) Find the values of a, b, c ∈ C for which the following matrix has real eigenvalues
and orthogonal eigenvectors.  1 0 b

c 2 a
1− i 0 1


Name the property of the matrix which ensures that it has real eigenvalues and
orthogonal eigenvectors

(b) Find the eigenvalues and eigenvectors for the matrix with the values of a, b
and c that you found above, and show explicitly that the eigenvectors are
orthogonal.
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