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SECTION A

Ql Let A={z€C: |z| <1, Im(z) # 0}.
(a) Show that A is an open subset of C.
(b) Find the boundary 0A and the exterior A¢ of A.

(c) Is it true that for every z € JA and every open U C C containing = we have
UNA#Qand UnN A #£ (7 Justify your answer.

Q2 Consider the smooth curve 7 : [0,47] — C defined by ~(t) = t exp(it).

2.1 Draw the curve in the complex plane.

2.2 State the Complex Fundamental Theorem of Calculus.

/sin(z) dz, /|z|dz
o gl

Q3 3.1 State what it means for a real-valued function defined on a domain D C C to
be harmonic. Let f(z) = u(x,y) + iv(x,y) be a holomorphic function. Show
that its real part u(z,y) is a harmonic function. (You may assume that the
partial derivatives of all orders of u and v exist and are continuous).

2.3 Calculate the two integrals

3.2 Show that the function u(x,y) = 2° — 3zy® + 4y is harmonic and find a real-
valued function v(z,y) such that f(z) = u(z,y) + iv(z,y) is holomorphic.

Q4 Using the substitution z = e’ or otherwise, evaluate the integral

27
t
/ CoS dt
o 17—8cost
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SECTION B

Q5 5.1 Let U={2€C: Re(z) <0} and V={2€ C: 0< |z <1}. Show that exp
is conformal in C and satisfies f(U) = V. Is exp : U — V a biholomorphism?

5.2 Using part 5.1 or otherwise, find a conformal map from {z € C: |z| < 1} to
{zeC:0<|z| <1}

Q6 For n € N consider f,, : C — C given by

netl e C\{—i
= {3 120

0, zZ = —in.

6.1 Show that (f,)nen is locally uniformly convergent on C. What is the limit
function?

6.2 Find the image of {z € C: Re(z) > 0} under f,.

Q7 Let f(z) be a non-constant complex-valued function that is holomorphic on the set
{z € C: |z| <1} and has the property that |f(z)| < 1 whenever |z| = 1.

7.1 Show that for all z in the set {z € C : |z| < 1} we have
1—2z2f(z) #0.

7.2 State Rouché’s Theorem and use it to show that there is a unique complex
number w in the set {z € C: |z| < 1} such that f(w) = w. Explain why this w
must also satisfy f'(w) # 1.

7.3 Hence, or otherwise, evaluate the integral

_ [ =Ee,
= /|zl f(z) —= 4z

2mi(l —w?) + 1
and show that f'(w) = mill =) + , Where w is as in part 7.2.

I

Q8 8.1 For any real R > /3 consider the ‘D-shaped’ contour ' = Lr+Cg consisting
of the straight line Ly joining —R to R on the real axis and the semi-circular
arc C'g in the upper half-plane rejoining R to —R. Evaluate the integral

2
———d
/FRZ4+5Z2+6 :

8.2 Hence, or otherwise, evaluate the real integral
00 2
x
———dx.
/0 x* 4+ 52?2 46
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