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SECTION A

Q1 1.1 How many monic irreducible polynomials of degree 2 are there in Z/5[x]?
(Provide your reasoning.)

1.2 Let R be a commutative ring, let a, b € R be such that a” = 0 and b = 0 for
some m,n > 0.
Show that (a — b)* equals zero for some suitable k € Z.

Q2 Consider the map ¢ : Z[v/—5] — Z/30 given by ¢(a + by/—5) = a + 5b (where the
bar indicates the reduction modulo 30, as usual).

2.1 Show that ¢ is a surjective homomorphism of rings.

2.2 Find the kernel of ¢ and show that it is a principal ideal.
Q3 3.1 Write the following permutation

o 1 2 8 9
~\9 3 6 4
as a product of disjoint cycles and as a product of transpositions. What is the
sign of o737

3 6 7
2 5 1

oo Ot

4
7

3.2 Determine all the groups that can occur as proper subgroups of a group of
order 242, up to isomorphism. For any such subgroup you need to show that it
does indeed occur as a subgroup of some group of order 242. (Carefully state
any results that you use.)

Q4 4.1 Determine all the conjugacy classes of Dg. Using these, or otherwise, determine
all the proper normal subgroups of Dg. (Justify your reasoning.)

4.2 List five groups of order 8, up to isomorphism. (Justify why they are not
isomorphic to one another.)
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SECTION B

Q5 On the set S = Q? define the first binary operation + to be vector addition, and
define the second binary operation * by

aq b1 aq b1
as | * bg = | a1 b2 + ao b3
as b3 asbs

5.1 Show that (5,4, *) constitutes a ring with identity.

5.2 Does S have non-trivial zero divisors?

5.3 Determine the units in S, if any.

[Hint: From Linear Algebra you can assume that (R?, +) (vector addition) con-

stitutes an abelian group. You can also assume that (Q,+,-) (usual addition and
multiplication) is a ring.|

Q6 6.1 For a polynomial f(z) € Q[z] of degree n = deg(f(z)) show that 2" f (1) also
lies in Q[z].
Moreover, show that, if f(z) is reducible in Q[z], then so is 2" f ().

6.2 Using the previous part, or otherwise, show the irreducibility of the polynomial
f(z) = 22" + 422 + 42 + 3 in Qx]. (Carefully cite any result you are using.)

6.3 Writing f(z) for the reduction of f(z) in Z/7[z], determine the monic ged of
g(x) = 22° 4+ 32> + 3w 4+ 1 € Z/7[z] and f(x), and express this ged explicitly
in terms of f(x) and g(z).

Q7 7.1 Let G be a group of order p? for a prime number p.
Determine all the possible sizes that the centre of G can have, and give an
example for each of these cases when p = 2.

(Carefully cite any results from lectures that you use.)
7.2 List all the conjugacy classes in G = As. For each class, give its size. Choose

a representative of a class of largest size and determine its stabiliser in G.

Q8 Let G be a group and put, for each g € G,
Za(g) ={h € G| hg = gh}.

8.1 Show that Zs(g) is a subgroup of G.
8.2 Is it always true that Zg(g) is normal in G?

8.3 Given two elements g and ¢’ in the same conjugacy class of G, both of which
are different from the identity in G, is it true that Z5(g) is always conjugate
to Za(g')?

8.4 Determine Zg(g) for each element g of order 2, up to conjugacy, in G = D,.
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