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SECTION A

Q1 (a) Find the remainder r € N, r < 41, when 77" is divided by 41.
(b) Find all the integer solutions to the equation

1532 — 34y = 68.

Q2 (a) Let p be a prime number such that ¢ = 4p + 1 is also a prime number. Prove
that 2 is a primitive root mod ¢. (Hint: Use Euler’s criterion.)

(b) You are given that the continued fraction expansion of v/22 is
4;1,2,4,2,1,9].

Find a solution (z,y) € N? to the equation z? — 22y* = 1.

SECTION B

Q3 (a) Find an = € N such that
r"=2 (mod 79).

(b) Let p be an odd prime. You are given the fact that any primitive root mod p
is a quadratic non-residue (NR). Find the number of NRs mod 83 that are not
primitive roots mod 83.

(¢) Let g,m € N be such that ged(g,m) = 1. Show that g is a primitive root
modulo m if and only if
g?mIP £ 1 (mod m)
for every prime divisor p of ¢(m). (Here ¢ is the Euler p-function.)

Q4 Let p be a prime such that p =4 (mod 7).

(a) Prove that there exists an o € Z such that o = —7 (mod p).

(b) Prove that we can choose z,y € Z, (z,y) # (0,0), such that 2*> + Ty> = 0
(mod p) and such that |z, [y| < /p.

(c) Prove that
?+ Ty  =p
has a solution (z,y) € Z>.
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