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SECTION A

Q1 Let a: R — R? «(t) = (sint, cost, t?). Calculate the curvature and the torsion of
the curve a.

Q2 (a) Give the Serret-Frenet formulae for a smooth unit speed space curve ¢ : [a,b] —
R? with nowhere vanishing curvature.

(b) Assume that the curve c in (a) has constant curvature Kk = C' # 0 and vanishing
torsion 7 = 0. Show that this implies t” = —C?t for the unit tangent vector.

(¢) Give a curve ¢ which satisfies the conditions x = 1 and 7 = 0. You do not
need to prove that your curve has these properties.

Q3 Let S C R3 be a regular surface.

(a) Give the definition of a geodesic ¢ : I — S, where I C R is an interval.

(b) Let ¢ : R — S be a geodesic with ¢/(t) # 0 for allt € R and f : R — R be a
smooth function. Show that co f : R — S is again a geodesic if and only if f
is a linear function.

Q4 Let H = {(x,y) € R? : y > 0} be the hyperbolic plane with E(x,y) = G(x,y) = 2%

and F(z,y) = 0. Let A C H? be the bounded domain (with respect to the hyperbolic
metric) bounded by the four curves x = —1/2, x = 1/2, 2*+y? = 1/2 and 22 +y? = 1
with the four vertices p1, p2, p3, p4 and interior angles 7/4, 7/4,2m /3,27 /3 at these
vertices (you do not need to prove this). Let B C H? be the Euclidean rectangle
with these four vertices p1, p2, P3, Pa4-

(i) Derive the hyperbolic area of the domain A by applying the Gauss-Bonnet
Theorem.

(ii) Calculate the hyperbolic area of the domain B by using the explicit formula
for surface area.

SECTION B
Q5 Let c¢: [0,27] — R? be the smooth closed plane curve
c(t) = (z(t),y(t)) = (1 +2cost)(cost,sint).

(a) Give the notion of a vertex of a plane curve and formulate the Four Vertex
Theorem.

(b) Use ||d(t)||*> = 5 + 4cost and /(t)y"(t) — 2" (t)y'(t) = 9+ 6cost to find the
vertices of the curve c. You do not need to prove these identities.

(c) Give a reason why this result does not contradict the Four Vertex Theorem.
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Q6 Let a : [a,b] — R3 be a simple smooth unit speed curve with nowhere vanishing
curvature and associated moving frame t,n, b : [a, b] — R3.

(a) For r > 0 compute the coefficients E, F, G of the first fundamental form of the
local parametrisation

x(u,v) = a(u) + r(cos(v) - n(u) + sin(v) - b(u))

of the canal surface S, C R? with radius r about a.
(b) Show that N(x(u,v)) = cos(v)n(u) + sin(v)b(u) is a Gauss map of S,.
(¢) Compute x,,(u,v) for the local parametrisation of S, in (a) and the coefficient

M of the second fundamental form.

(d) Assume that the curve « is contained in a plane. Decide whether x(u,v) from
(a) is isothermal and whether it is a principal parametrisation.

Q7 Let S C R3 be a regular surface.

(a) Give the definition of an asymptotic curve o : I — S, where I C R is an
interval.

(b) Describe the condition on a regular curve a to be an asymptotic curve in terms
of the second fundamental form.

(c) Assume we have a global parametrisation x : R? — S such that the coefficients
of the second fundamental form with respect to x are given by

L=1, M=1, N=1.

Show that a regular curve a : R — S with a(t) = x(u(t),v(t)) is an asymptotic
curve if and only if there exists a constant C' € R such that v(t) = C' — u(t)
and u/(t) # 0 for all t € R.

Q8 (a) Let S C R3 be a regular surface which is globally parametrised by x : R? — S,

u? v3
x(u,v) = (u— 3 + uv?, v — 3 + v, u? —02) .

Calculate the coefficients F, F, G of the first fundamental form with respect to
x. Verify that x is isothermal.

(b) Show that the coefficients L, M, N of the second fundamental form with respect
to x in (a) are given by L = 2, M = 0, N = —2. You can use without proof
that ]

N(X(u, U)) = m(—2u, 2?], 1-— u2 — U2)
is a Gauss map of S.
(c) Calculate the principal curvatures of the surface S and show that the Gauss

curvature of S is given by

Kx(00) =~
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