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SECTION A

Q1 The equations of a dynamical system in polar coordinates (r, θ) are given by

ṙ = (1− r2) sinh r , θ̇ = r .

Sketch the phase flow of this system both in Cartesian and polar coordinates and
explain your reasoning for drawing that particular flow. Please label all interesting
points and regions in this flow and explain your reasoning.

Q2 A linear two-dimensional dynamical system satisfies the equation ẋ = Ax, where
the matrix A is

A =

(
3 1
−1 5

)
,

and x is a two-dimensional state vector.

(a) Explicitly find a similarity transformation matrix M , and use it to rewrite A
in Jordan normal form. Use this to write the explicit solution for the linear
system in the original coordinates x.

(b) Sketch the phase flow for this linear system.

Q3 Consider a dynamical system ẋ = F (x), where F (x) depends smoothly on x and
a parameter µ.

(a) What is the necessary conditions for the system to undergo a local bifurcation
at x∗, µ∗? What do these conditions become for one-dimensional systems?

(b) Now suppose the system is one-dimensional, and F (x) = sin(x)(cos(x) − µ),
where −π < x < π. Determine the bifurcation points, state the type of
bifurcation, and draw the bifurcation diagram at each bifurcation point.

Q4 Consider a two-dimensional dynamical system

ẋ = f(x, y) , ẏ = g(x, y)

(a) State and prove Bendixson’s criterion for the exclusion of periodic solutions to
this system in a region D ⊂ R2.

(b) Now take
f(x, y) = 1 + y − x2 , g(x, y) = 3− 4x+ x2 . (1)

Does this system admit a periodic orbit in the positive quadrant x, y > 0?
Explain your answer.

(c) Determine the fixed points for the dynamical system (1), and analyse their
stability.

(d) Is the dynamical system specified by (1) topologically conjugate to

ẋ = 1 + y , ẏ = 3− 4x ?

Explain your answer.
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SECTION B

Q5 A two-dimensional dynamical system is given by the equations

ẋ = y ,

ẏ = 4x3 − x .
(2)

(a) Work out all fixed points of this system and determine their nature.

(b) Using an educated guess, sketch the phase flow for this system.

(c) Say what homoclinic and heteroclinic orbits are. If any of these exist in this
system indicate these orbits in the flow.

(d) State what a Hamiltonian system is and show that the system (2) is Hamilto-
nian by constructing the Hamiltonian H. Assume that the Hamiltonian is of
the form

H(x, y) = α(x2 + y2) + βx4 .

Use the Hamiltonian to work out the equations of the heteroclinic orbits from
part (c).

Q6 The autonomous dynamical system ẋ = F (x) has function F (x) given by

F (x) =

(
−2x+ xy + αy

2y − 2αx+ x2

)
.

Answer the following questions:

(a) Which properties does the function F (x) have to satisfy in order for the sta-
ble manifold theorem to be valid for this system? State the stable manifold
theorem.

(b) Work out all critical points of this system, and figure out which condition the
parameter α has to satisfy so that the stable manifold theorem can be applied.

(c) If the parameter α = 0, work out what the stable and unstable submani-
folds m± are in the linearised approximation.

(d) Evaluate corrections to the stable and unstable submanifolds in the nonlin-
ear theory. Assume that in the nonlinear theory corrections to the linearised
submanifolds have the expansion

y(x) = axx
2 + bxx

3 + . . . (|x| � 1) ,

x(y) = ayy
2 + byy

3 + . . . (|y| � 1) .

Substitute these into the equations ẋ = F (x) to work out the coefficients ax, ay

and bx, by. Then sketch how these stable and unstable submanifolds look in
the linear and nonlinear approximations.
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Q7 (a) For the dynamical system

ẋ = cos(x)− cos(y) , ẏ = cos(x) + cos(y) (3)

find the Poincaré index for a curve γ that is the boundary of a square with
corners (−3,−3), (3,−3), (3, 3), (−3, 3), and has counter-clockwise direction.

(b) Given the dynamical system (3), what are the ω and α limit sets for the points
(0, 0), (π/2, π/2) ?

(c) Is this a Hamiltonian system? If it is, state the Hamiltonian. If it is not, prove
why it is not.

(d) Suppose a two-dimensional dynamical system

ẋ = f(x, y) , ẏ = g(x, y)

depends smoothly on a parameter µ, and has one fixed point for µ < 0. This
fixed point is a saddle point. Is it possible for such a system to undergo a
bifurcation, say at µ = 0, to a system with a node, and no other fixed point?
Use the properties of the Poincaré index to motivate your answer.

Q8 The two-dimensional dynamical system

ẋ = −x+ ay + x2y

ẏ =
1

2
− ay − x2y

has one fixed point at

(x∗, y∗) = (
1

2
,

2

1 + 4a
) .

We assume a > 0.

(a) Determine the stability of the fixed point as a function of the parameter a.

(b) Determine the curve C1 where ẋ = 0, and the curve C2 where ẏ = 0,

(c) Show that for x > 1/2
dy

dx
< −1

along the trajectories of the flow.

(d) Your results from parts (b) and (c) may be used to show that the flow lines
of this dynamical system will point inwards on the boundary of a polygon D
with vertices in the points

(0, 0) , (0, 5) , (0.5, 5) , (5, 0.5) , (c, 5.5− c) .

where c ∼ 5.32, so the last vertex lies below the curve C1. [You don’t have
to show this.] Use this observation to argue that D is a compact, positively
invariant set of the dynamical system.

(e) Use the Poincare-Bendixson theorem to determine the values of a for which
there is a limit cycle in D\(x∗, y∗).

(f) What type of bifurcation does this system exhibit as a is varied?
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