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SECTION A

Q1 (a) State the Cox–Ross–Rubinstein formula for the price at time T − t of a Euro-
pean call option with strike price K and expiry date T . Explain clearly any
notation you use in your formula.

(b) Using your formula in part (a), calculate the price at time 0 of a European
call option with strike price K = 40 and expiry date T = 5 on an underlying
risky asset with price St that evolves according to the 5-period binomial model
with S0 = 40, u = 1.2, d = 0.8, pu = 0.8, pd = 0.2 and where the interest rate is
compounded discretely at rate r = 0.1 per time period.

(c) Explain what happens to the Cox–Ross–Rubinstein price in part (b) for values
of K < 13.

Q2 (a) Give clear definitions of the European call and put options, explain what is
meant by the strike price and expiry date of these options, and specify the
contract function for each.

(b) State and prove the put-call parity equation for European options with com-
mon strike price K and expiry date T , assuming that risk-free interest is com-
pounded continuously at rate r.

Q3 (a) State Lévy’s Theorem for the characterisation of a Brownian motion.

(b) LetX = (Xt, t ≥ 0) and Y = (Yt, t ≥ 0) be two independent Brownian motions.
Show that the process Z = (Zt, t ≥ 0) defined by the Itô integral

Zt :=

∫ t

0

cos(s)dXs +

∫ t

0

sin(s)dYs, t ≥ 0

is also a Brownian motion.

(c) What is the probability density function of U :=
∫ 1

0
e−tdZt?

Q4 Under the Black–Scholes model, let C(K,T, σ, S0, r) be the price of a European call
option with strike price K and time to expiry T where the underlying stock has
volatility σ and current price S0, and r is the risk-free rate.

(a) State the Black-Scholes formula for C(K,T, σ, S0, r).

(b) Find
∂C

∂σ
and show that the price of a European call option, as a function of

the volatility parameter σ > 0, is strictly increasing.

(c) Does the price of a European put option increase with σ > 0 as well?
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SECTION B

Q5 (a) Define the four main types of barrier option derived from a European-style
option with contract function Φ and expiry date T . In each case provide a
random variable that represents the random payoff of the barrier option. You
may give your answer in terms of the price St of the underlying risky asset,
and the contract function Φ, but you should define any other notation you use.

(b) Suppose that the price St of a risky asset evolves according to the 3-period
binomial model, with parameters S0 = 216, u = 7/6, d = 5/6, pu = 1/4, pd =
3/4 and that interest is compounded at rate r = 1/12 per time period.

Calculate the prices at all times t = 0, 1, 2, 3 of a down-and-out barrier (Eu-
ropean) put option with strike price K = 250, barrier 160, and expiry date
T = 3.

Q6 Consider the market (Bt, St) where Bt = (5/4)t for t = 0, 1, 2, and St evolves
randomly according to the diagram below, with pu = pd = 1/2 at each node.

St: 20

30

10

40

20

x

5

pu

pd

pu

pd

pu

pd

t = 0 t = 1 t = 2

(a) State the conditions on x that guarantee that the market is arbitrage free and
calculate the risk-neutral probabilities at every node in this case.

(b) Give the definition of an American put option with strike price K and expiry
time T and describe the algorithm for pricing an American put option on this
market. (You do not need to prove the correctness of the algorithm.)

(c) Calculate the price at time 0 of an American put option with strike price
K = 20 and expiry date T = 2, as a function of x.

(d) Now suppose that the strike price of the option is K = 30. Prove that it is
always optimal to exercise at t = 0, whatever the value of x (assuming the
market is arbitrage free).
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Q7 7.1 Show that if W = (Wt, t ≥ 0) is a Brownian motion and c > 0, then the process
(c−1/2Wct, t ≥ 0) is also a Brownian motion.

7.2 Let us use the notation (x)+ = max(x, 0) for the rest of this question. Consider

H(r, σ, T ) := E
[(

10− max
0≤t≤T

St

)
+

]
where the underlying stock price evolves as

dSt = rStdt+ σStdWt, S0 = 1

where r, σ > 0 are some constant parameters. Find two functions

r̃(c, r, σ) and σ̃(c, r, σ)

such that for any c > 0

H(r, σ, cT ) = H(r̃, σ̃, T ).

7.3 Show that if

α :=
1

σ

(
r − σ2

2

)
> 0,

then

E
[(

10− max
0≤t≤T

S
1/2
t

)
+

]
≤ 10α/σe−

3
8
α2TH(r, σ, T/4).
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Q8 Consider a portfolio (Pt, t ≥ 0) described by the stochastic differential equation

dPt
Pt

= at
dS

(1)
t

S
(1)
t

+ (1− at)
dS

(2)
t

S
(2)
t

, P0 = 1

where (S(1), S(2)) are two assets that evolve according to

dS
(i)
t

S
(i)
t

= µidt+ σidW
(i)
t , S

(i)
0 = 1 i = 1, 2

with (W
(1)
t )t≥0 and (W

(2)
t )t≥0 being two independent Brownian motions. Here

µ1, µ2, σ1, σ2 > 0 are some constant parameters, and (at, t ≥ 0) is a continuous pro-

cess adapted to Ft := σ((W
(1)
u ,W

(2)
u ), u ∈ [0, t]) with the property that at ∈ [0, 1]

for all t ≥ 0.

8.1 Let Rt = logPt. Express E[Rt] in terms of (as, s ≥ 0) and (µ1, µ2, σ1, σ2).

8.2 Show that there exists some constant C > 0 independent of t and (as, s ≥ 0)
such that

E[[R]t] ≤ Ct ∀t ≥ 0.

8.3 Fix some α > 0 and consider

at :=
(S

(1)
t )α

(S
(1)
t )α + (S

(2)
t )α

.

By finding the distribution of S
(1)
t /S

(2)
t or otherwise, show that for any ε ∈

(0, 1),

lim
t→∞

P(at ∈ [ε, 1− ε]) = 0.

8.4 Let m := maxi=1,2{µi− 1
2
σ2
i }. Using at defined in the previous part, show that

lim
t→∞

t−1E[Rt] = m and lim
t→∞

t−2Var(Rt) = 0

and conclude that Rt/t converges in probability to m as t→∞.
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