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SECTION A

Q1 1.1 State the definition of the group SU(2).

1.2 Check that

g(t) := exp

(
it

(
0 1
1 0

))
is an element of SU(2) for all t ∈ R. Determine for which values of t the group
element g(t) is equal to the identity by expanding the exponential.

1.3 Letting t ∈ (−1, 1), g(t) defines a path in SU(2). Find the associated Lie
algebra element γ1 by computing the tangent vector at g(0). Which Lie algebra
element is associated to the path g(2t)?

1.4 Find a basis of the Lie algebra of SU(2) and explain your reasoning.

Q2 Let q be a vector which transforms in the fundamental representation of SU(3), and
M a matrix which transforms in the adjoint representation of SU(3).

2.1 Give the transformation behaviour of q and M under a group element g ∈
SU(3).

2.2 For a mechanical system with finitely many degrees of freedom q, show that
the action

S =

∫
dt q̇†q̇ − V (q†q)

is invariant and find the conserved quantities.

2.3 Denoting the components of q by qi and the components of M by Mij, find
the action of SU(3) on

i) A vector v with components vi =
∑

jMijqj

ii) A matrix Q with components Qij = qiqj

iii) A matrix E = exp(tM) for t ∈ R
Show that this defines a representation of SU(3) in each of the cases. (You do
not need to prove that the action is on a vector space.)
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Q3 Let Aµ be a U(1) gauge field, φ a scalar field of charge 1, and χ a scalar field of
charge −2, with gauge transformations

(Aµ, φ, χ) 7→ (Aµ + ∂µα, exp[iα]φ, exp[−2iα]χ) .

Show that

χ(z) exp

[
iq

∫ z

y,C

Aµ(x)dxµ
]
φ(y)2

is gauge invariant for an appropriate value of the integer q that you should find.
(The line integral in the exponent is over a curve C from point y to point z.)

Q4 It is given that, in a gauge where A0 = 0, the energy of static field configurations
of a gauge field Aµ and a scalar φ transforming in the adjoint representation of the
gauge group is

E =

∫
d3x tr

(
1

g2
YM

BiBi + (Diφ)(Diφ)

)
,

where the spatial indices i = 1, 2, 3 are summed over, Di are covariant derivatives,
Bi = −1

2
εijkFjk, and the integral is over space R3. Find a lower bound for the energy

E in terms of an integral over the 2-sphere at spatial infinity. You may use without
proof the Bianchi identity εijkDiFjk = 0.
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SECTION B

Q5 The Lie group SL(2,C) is the group of complex 2× 2 matrices

g =

(
a b
c d

)
such that det g = 1.

5.1 For g ∈ SL(2,C), show that the action on R4 with coordinates xi given by

F (g) :

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
7→ g

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
g†

defines a group homomorphism from SL(2,C) to the Lorentz group. Identify
which of the disjoint components of the Lorentz group this homomorphism
maps to and explain your reasoning.

5.2 Show that

exp

(
3∑
i=1

αiσi

)
∈ SL(2,C)

where αi ∈ C and

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

5.3 The homomorphism between SL(2,C) and the Lorentz group defines a repre-
sentation of SL(2,C) on R4. Find the associated Lie algebra representation
and describe its action on x (written as a column vector) in terms of the αi.
Verify that this maps the Lie algebra of SL(2,C) to the Lie algebra of the
Lorentz group.
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Q6 The components of the Faraday tensor in terms of electric and magnetic fields are

Fµν =


0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

 .

6.1 Setting Fµν = ∂µAν − ∂νAµ, show that ∂µFρσε
µνρσ = 0. Here εµνρσ is the

completely antisymmetric tensor with ε0123 = 1.

6.2 Write
FµνFρσε

µνρσ

in terms of electric and magnetic fields.

6.3 A relativistic point particle is described by its world-line C in space-time with
coordinates x = (x0, x1, x2, x3). Parametrizing C by functions xµ(s), the action
of a charged particle in the presence of electromagnetic fields is

S =

∫
C

ds
(√
−ẋµẋµ + q ẋµAµ(x)

)
(1)

where ẋµ = d
ds
xµ. Show that gauge transformations acting on Aµ are symme-

tries of this action.

6.4 Find the equations of motion for xµ(s) which follow from the action (1) and
verify that they are gauge invariant by writing them in terms of electric and
magnetic fields.
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Q7 The infinitesimal gauge variations of a non-abelian gauge field Aµ = A†
µ and a

charged field φ are given by

δαAµ = i[α,Aµ] + ∂µα , δαφ = iαφ ,

where α = α† is an infinitesimal element of the Lie algebra of the gauge group, and
the gauge transformation with parameter α of any field X is given by

X 7→ X ′ = X + δαX +O(α2) .

7.1 Show that, for any two fields f and g, the infinitesimal gauge variation of their
product fg is δα(fg) = (δαf)g + f(δαg).

7.2 Find the infinitesimal gauge variation δαFµν of the field strength

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]

and show that

LYM = − 1

2g2
YM

tr(FµνF
µν)

is invariant under infinitesimal gauge transformations, that is δαLYM = 0.

7.3 Find the infinitesimal gauge variation δα(Dµφ) of the covariant derivative
Dµφ = ∂µφ− iAµφ of the charged field φ. Show that

Lmatter = −(Dµφ)†(Dµφ)−m2φ†φ

is invariant under infinitesimal gauge transformations, that is δαLmatter = 0.
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Q8 ‘Static’ (or time-independent) configurations of a charged scalar field φ and a gauge
field Aj in n ≥ 1 space dimensions have total energy

E[φ,A] = E1[φ,A] + E2[φ] + E3[A] ,

with

E1[φ,A] =

∫
dnx ((∂j − iAj)φ)†((∂j − iAj)φ)

E2[φ] =

∫
dnx V (φ)

E3[A] =

∫
dnx

1

2g2
tr (FjkFjk) .

Here j, k = 1, . . . , n are spatial indices, Einstein’s summation convention is used,
Fjk = ∂jAk − ∂kAj − i[Aj, Ak], and V (φ) ≥ 0, with V (φ) = 0 at its minima. We are
working in a gauge where A0 = 0.

8.1 Consider a scale transformation

φ(x) 7→ φλ(x) := φ(λx)

Aj(x) 7→ Aλj (x) := λβAj(λx) ,

for any λ > 0. Show that for a suitable choice of the constant β, that you
should find, the three contributions to the energy satisfy

E1[φ
λ, Aλ] = λa1E1[φ,A] , E2[φ

λ] = λa2E2[φ] , E3[A
λ] = λa3E3[A]

for some constants a1, a2 and a3 that you should also find.

8.2 Using that static solutions of the equations of motion leave the total energy
E[φ,A] stationary under infinitesimal variations of the fields, show that for all
static solutions of the equations of motion

c1E1[φ,A] + c2E2[φ] + c3E3[A] = 0 ,

for some constants c1, c2 and c3 that you should find.

8.3 Show that if n = 1, static solutions of the equations of motion can only exist
if the gauge field vanishes, that is Aj = 0.
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