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SECTION A

Q1 Consider the following theory of a real scalar field �

S = �
Z

d4x
"

1
2
@�� @

�� +
g
n!
�n

#
.

Answer the following questions.

(a) Determine the Euler-Lagrange equations for �.

(b) Consider a generic Lorentz transformation

x� ! �
x 0
�� = Λ�

� x�.

Show that the action S is invariant under Lorentz transformations. You may
use that:

d4x 0 = jdet (Λ) jd4x .

(c) Consider the scale transformation

x ! x 0 = �x ,

where � is a constant real number. Under this transformation suppose that
� transforms to the new field �0 as

� (x) ! �0
�
x 0
�

= ��∆� (x) .

Show that if g = 0 the action S is invariant under a scale transformation if
∆ = 1.
Taking ∆ = 1, for which value of n is the action S invariant under a scale
transformation for non-zero g?
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Q2 Four Feynman diagrams A, B, C and D for a theory of two real scalar fields �1

and �2 are given below. The solid lines represent the Feynman propagator of the
field �1 and the dashed lined the Feynman propagator of the field �2.
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A B

C D

Answer the following questions.

(a) State which diagrams are vacuum bubble diagrams.

(b) For each diagram, write down the interaction part of the Lagrangian (up to a
constant) from which the diagram follows.

(c) Determine the symmetry factor of each diagram.

(d) State the order of each diagram in the coupling constant.

(e) Are any of the diagrams disconnected?
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Q3 Consider a 4-dimensional field theory of two scalar fields �1 and �2 with the fol-
lowing action

S = �
Z

d4x
(

1
2
@��1@

��1 +
1
2
@��2@

��2 +
1
2

m2
1�

2
1 +

1
2

m2
2�

2
2 +

�

4!

�
�2

1 + �2
2

�2
)

. (1)

(a) Write down an expression for the vacuum-vacuum persistent amplitude (the
generating functional Z [J1, J2]) in the presence of two sources J1 and J2

coupled to �1 and �2, respectively. Define the terms that appear in your
expression. What is the condition on Z [0, 0]?

(b) Express the two-point functions

h0jT
n
�̂1(x)�̂1(y )

o
j0i

h0jT
n
�̂2(x)�̂2(y )

o
j0i

h0jT
n
�̂1(x)�̂2(y )

o
j0i

h0jT
n
�̂1(x)�̂1(y )�̂1(z)

o
j0i

as functional derivatives of Z [J1, J2]. Do not take the derivatives at this point.

(c) Recall that the action of a single free field theory is

S0 = �
Z

d4x
(

1
2
@��@

�� +
1
2

m2�2

)

and its generating functional is

Z0[J] = N exp
"

1
2

Z
d4xd4yJ(x)GF (x , y )J(y )

#
,

where GF is the Feynman propagator (or Green’s function) of � and N is a
normalization factor. Use this information to write down an expression of the
generating functional Z0[J1, J2] of the free field theory for two scalars. Then,
express Z [J1, J2] of the full action given by Equation (1) as formal functional
derivatives acting on Z0[J1, J2]. Do not expand your expression and do not
take the functional derivatives.
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Q4 (a) Explain the difference between regularization and renormalization. How do
you regularize a divergent Feynman diagram?

(b) Explain what it means that a given diagram is superficially divergent.

(c) Find the superficial degree of divergence for each of the following four di-
agrams of a scalar field theory with ��4 interaction in a general spacetime
dimension d . For d = 4, state which diagrams contribute to the normaliza-
tion of the mass m and which contribute to the normalization of the coupling
constant �.
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SECTION B

Q5 Consider a theory of a complex scalar field � with Lagrangian density

S [�,��] =
Z

d4x L = �
Z

d4x
��
@��

�� (@��) + V (���)
�
,

where V can be any function of ���.

(a) Explain why the theory has a conserved current which may be written as

j� = i (�@��� � ��@��) .

Determine the corresponding conserved charge Q.

(b) In the following take V (���) = m2 ���. In this theory, upon canonical quanti-
sation the operator valued field �̂ can be expressed in the form

�̂ (t , x) =
Z d3k

(2�)3
1q
2!k

h
âk exp

�
ik � x � i!k t

�
+ b̂yk exp

�
�ik � x + i!k t

�i
,

where !2
k = jk j2 + m2 and

h
âk , âyk 0

i
= (2�)3 �(3)

�
k � k 0� ,

h
b̂k , b̂yk 0

i
= (2�)3 �(3)

�
k � k 0� ,

where all other commutators are vanishing. Derive the unique expression
for the operator Q̂ associated to the charge Q in terms of âk and b̂k which
has finite eigenvalues. Interpret Q̂ in terms of charges of the particles in the
theory.

Q6 Consider a theory of three real scalar fields �1, �2 and �3 with action

S = �
Z

d4x
(

1
2

 3X
i=1

@��i (x) @��i (x) +
3X

i=1

m2
i �i (x)2

!
+ ��1 (x)�2 (x)�3 (x)

)
.

(a) Write down the Feynman rules for this theory.

(b) Draw all vacuum bubble diagrams up to and including order �2.

(c) Draw all Feynman diagrams contributing to the time-ordered vacuum expec-
tation value

h0jT f�1 (x)�2 (y )�3 (z)g j0i
up to and including order �2. Determine the corresponding analytic expres-
sions.

(d) Evaluate

h0jT f�1 (x)�1 (y )�1 (z)g j0i
at all orders in �.
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Q7 Consider a 4-dimensional scalar field theory with action

S = �
Z

d4x
(
@��@

�� +
1
2

m2�2 + g�3

)
.

(a) Write down an expression of the generating functional Z [J] as a functional
derivative of the free-field generating functional Z0[J] to first order in the
coupling constant g.

(b) Carry out the functional derivatives of the interaction term using the diagram-
matic technique (a cross for the external source, etc.) to find an expression
of Z [J] including terms that are first order in g.

(c) Using the expression you obtained in item (b), find the interacting 3-point
function defined as "

�3Z [J]
�J(x1)�J(x2)�J(x3)

=Z [J]
#

J=0

including terms that are first order in g. Write your final answer in terms of
the Feynman propagator GF .
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Q8 (a) The string worldsheet energy-momentum tensor is given by

T�� =
1
2
@�X�@�X� � 1

4
h��h
�@
X�@�X� = 0 .

Show that the components of the energy-momentum tensor in the flat gauge

h�� =
" �1 0

0 1

#

are

T00 = T11 =
1
2

 
dXL

d�+

!2

+
1
2

 
dXR

d��

!2

,

T01 = T10 =
1
2

 
dXL

d�+

!2

� 1
2

 
dXR

d��

!2

,

where X� = X�
L (�+) + X�

R (��) and �� = � � �. Also we write Z 2 for Z�Z�.

(b) The generic solution to the equation of motion is given by

X�
R =

1
2

x� +
1

4�T
��p� +

ip
4�T

X
n 6=0

1
n
�ne�in(���) ,

and a similar expression for X�
L .

(i) Introduce the variable z = ei�� and rewrite X�
R in terms of z. Then,

compute @zX�
R . Hint: use the definition of ��

0 = p�p
4�T

.

(ii) Use the algebra satisfied by ��
n :

[��
m,��

n] = m�m+n=0�
��

to show that

h0j@zX�
R@wX �

Rj0i = � 1
4�T

���

(z � w)2 ,

where j0i is the vacuum with vanishing momentum, i.e., ��
n j0i = 0 for all

n � 0. Hint: you may need to use the identity
P1

n=1 nxn = x
(x�1)2 .
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