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SECTION A

Q1 Let K be a number field and write R = OK for its ring of integers.

(a) Let I be a non-zero proper ideal in R. Show that I ∩ Z is a non-zero proper
ideal of Z.

(b) Show that there exist infinitely many prime ideals in R. (Here you can use
without proof the fact that there exist infinitely many primes in Z).

Q2 (a) Find the fundamental unit of Q(
√

10).

(b) Find two distinct solutions (x, y) ∈ N× N, x, y > 1, to the equation

x2 − 10y2 = 1.

SECTION B

Q3 Let p be an odd prime and set ζ := e
2πi
p ∈ C. We set K := Q(ζ).

(a) Show that the minimal polynomial of ζ over Q is Φ(x) = xp−1+xp−2+. . .+x+1.

(b) Show that p = u(1− ζ)p−1 for some u ∈ O×K .

(c) Show that 1− ζ is an irreducible element in OK .

(d) Is there a field extension F of K with [F : K] finite, such that the element
1− ζ is not an irreducible element as an element in OF ? Justify your answer.

Q4 (a) Let p and q be two distinct odd primes. Given that there exists at least one
solution, find how many solutions there are to the equation

a2 + 2b2 = p7q9,

with a and b in Z. Here you may use without proof the fact that the ring
Z[
√
−2] is a U.F.D.

(b) Let K = Q(
√
−29) and write R = OK for its ring of integers. Show that

there exist non-principal ideals of norm 33 in R. Find one of them by giving
generators for it.
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Q5 (a) Let K = Q(θ), where θ3 − θ − 3 = 0. Compute the discriminant of Z[θ].

(b) Let K = Q(
√

7) and R = OK = Z[
√

7]. Find a generating basis and compute
the discriminant of the ideal

I = (2 +
√

7)R.

Q6 Let K = Q(
√
−91) and R := O−91 = Z[1+

√
−91

2
].

(a) Find the class number of K. You may use the Minkowski bound, given by

BK =
(

4
π

)t n!
nn

√
|∆K |.

(b) Let α = x+
√
−91 ∈ R. Find three prime ideals P1, P2, P3 of R such that any

prime ideal of R that divides both (α) and (α) must be one of the three prime
ideals P1, P2 or P3.

(c) Find all the solutions (x, y) ∈ Z2 (if any) to the equation

x2 + 91 = y3.

(Hint: Use the previous parts.)

SECTION C

Q7 Let p be a prime integer. In the following we obey the convention that for a p-adic
expansion

∑∞
n=m anp

n ∈ Qp with m ∈ Z, we select an ∈ {0, 1 . . . , p− 1}.

(a) Let x =
∑∞

i=m xip
i ∈ Qp for some m ∈ Z and define [x] :=

∑
i≥0 xip

i and
〈x〉 :=

∑
i<0 xip

i.

(i) Show that 〈x〉 ∈ Z[1/p]. Show further that 0 ≤ 〈x〉 < 1, when embedding
Z[1/p] into the real numbers in the natural way.

(ii) We define the map τ : Qp → C×, by τ(x) := exp(2πi〈x〉). Show that τ is
a group homomorphism.

(iii) Define µp∞ :=
⋃
k≥1 µpk where for a k ∈ N we set

µpk := {ζ ∈ C× : ζp
k

= 1}.

Show that there exists a group isomorphism

Qp/Zp
∼= µp∞ .

(b) (i) Let p and q be two distinct prime numbers. Show that there exists an
a ∈ Z such that

√
a ∈ Qp but

√
a 6∈ Qq.

(ii) With notation as above, show that there is no field isomorphism ϕ : Qp →
Qq.
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