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SECTION A
Q1 Let M = {(x,y,2) € R® | 22 — y* — 22?2 = 1} be a hyperboloid.

1.1 Show that M is a 2-dimensional smooth manifold.
1.2 Find two curves ~;: [0,1] — M, i = 1,2, such that v,(0) = 1(0) = (1,0,0)
and {71(0),75(0)} is a basis for Ty 9,0 M.

Q2 Let X,Y be two differentiable vector fields on R? defined by

0 0 0

2.1 Compute the Lie bracket [X,Y].

2.2 Let r > 0 and S?(r) = {(z,y,2) € R? | 22+ y* + 2* = r?} be the 2-dimensional
sphere of radius . Show that the restriction of [X, Y] to S?(r) is a vector field
on S?(r).

Q3 3.1 Define the Levi-Civita connection on a Riemannian manifold.

3.2 Let (M, g) be a Riemannian manifold and let R be its curvature tensor. Prove
Bianchi’s first identity

RX,Y)Z+R(Y,Z)X +R(Z,X)Y =0,
assuming that Jacobi’s identity
(X, [V, 2|+ [Y,[Z2, X]| + [Z,[X, Y]] = 0
holds for X,Y,Z € X(M). You do not need to prove Jacobi’s identity.

Q4 4.1 State the symmetry properties of the curvature tensor R of a Riemannian
manifold (M, g).

4.2 Prove or disprove the following statement: The smooth manifold R™ admits a
complete Riemannian metric with sectional curvature K > 1.

4.3 Let (M,g) be a Riemannian manifold and let c: [a,b] — M be a geodesic.
Let X € &X.(M) be a parallel vector field along ¢. Show that the function
f:la,b] — R given by t — (X (t),c(t)) is constant.

SECTION B
Q5 Let M(n,R) denote the set of all n x n matrices with real entries, let
Sym(n) ={A€ M(n,R) | AT = A}
be the set of n X n symmetric matrices, and let

~ (Id,y O
= (% h).
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where Id;, denotes the k& x k identity matrix in M (k,R). Let
Omn—-1,1)={Aec Mn,R) | AJAT = J}.

You may assume, without proof, that M(n,R) and Sym(n) are Lie groups (with
respect to matrix multiplication).

5.1 Let f: M(n,R) — Sym(n) be given by f(A) = AJAT. Show that, given
A, B € M(n,R),
Dfa(B) = AJB" + BJA",

and conclude that, for A € O(n — 1,1) and C' € Sym(n),
DfA(%CJA) _c

You may assume, without proof, that every matrix in O(n — 1, 1) is invertible
and that O(n — 1,1) is a group under matrix multiplication.

5.2 Show that J € Sym(n) is a regular value of f.
5.3 Show that O(n—1,1) is a differentiable manifold and determine its dimension.
Q6 Let M and N be smooth manifolds. A map f: M — N is a local diffeomorphism

if every point p € M has a neighborhood U such that f(U) is open in N and
flo: U — f(U) is a diffeomorphism.

6.1 Show that the differential D f, of a local diffeomorphism f: M — N is a linear
isomorphism of vector spaces for any p € M.
6.2 State the definition of an oriented manifold.

6.3 Suppose now that the manifolds M and N are connected and oriented. As-
sume, without proof, that the given orientations induce orientations on each
tangent space of M and N via the coordinate tangent vectors. A local diffeo-
morphism f: M — N is orientation-preserving if, for each p € M, the isomor-
phism D f,: T,M — Ty N preserves orientation, and orientation-reversing if
Df,: T,M — Ty N reverses orientation. Show that the composition of two
orientation-preserving local diffeomorphisms is orientation-preserving.

Q7 Let (M, g) be a Riemannian manifold with curvature tensor R.

7.1 Show that
R(X,Y)(fZ) = fR(X,Y)Z

for XY, Z € X(M) and f € C(M).
7.2 Suppose that there exists a constant C' € R such that

(R(X, Y)W, Z) = C((X, 2))(Y, W) = (X, W)(Y, Z)). (%)

Show that (M, g) is an Einstein manifold, i.e., Ric = Ag for some function
A € C*(M), and determine the concrete value of A.
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Q8 8.1
8.2
8.3
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Let (M,g) be a Riemannian manifold satisfying equation (x) for a constant
C < 0. Let ¢: [a,b] — M be a geodesic parametrised by arc-length and
X € X.(M) be a parallel vector field along ¢ with (X(¢),c(t)) = 0 for all
t € [a,b]. Show that the vector field

J(t) = cosh(v—Ct) X(t)
is a Jacobi field along c.

Let (M, g) be a Riemannian manifold and let V be its Levi-Civita connection.
Let X, Y be smooth vector fields on M and suppose that Y has constant length,
i.e., ||Y(p)| is constant for all p € M. Show that (VxY)(p) is orthogonal to
Y (p) for all p € M.

State the definition of a tensor field on a smooth manifold M.

Let M be a smooth manifold, let V be a linear connection on M, and let F
be a (1) tensor field on M. Show that the map VF: X (M) x X (M) — X (M)
given by

VF(X,Y)=Vx(F(Y)) — F(VxY)

defines a (f) tensor field on M.
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