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SECTION A

Q1 The linearised equations for small-amplitude water waves on the surface of a domain
Dy ={(z,2): =h < z < {(x,1),—00 < x < o0} are given by

Ap=0 in —-h<z<0,

0¢ B B

E#—gC—O at z =0,
o¢ 09 B
5%~ B, at z =0,
8¢_ B
Efo at z = —h.

(a) Aside from their small amplitude and the ideal nature of the fluid, what two
other main assumptions have been made about the flow in deriving the above
equations?

(b) Assuming a solution of the form ¢(x,z,t) = X (x)Z(z)sin(wt), find the most
general solutions for X (z) and Z(z) that satisfy these equations.

(c¢) Find the dispersion relation. Are these waves dispersive?

Q2 A fixed volume V is filled with an unforced ideal barotropic fluid obeying the relation
P(p) = p” with v constant.

(a) Write down the continuity and momentum equations for this fluid in terms of
u and p only (not p).

(b) Assuming that w - dS = 0 on the boundary 0V, use the equations in (a) to

show that
d 1

2 -1
— [ =plu dV:—/fyp7 u-VpdV.

SECTION B

Q3 (a) Write down the Lagrangian form of the vorticity equation for an ideal, incom-
pressible fluid.
(b) Starting from the ansatz that vorticity can be expressed in index notation as
8xi
w; = C'_7
I 8aj
where C(x,t) is some unknown vector field, show that the solution of the
Lagrangian form of the vorticity equation can be written as
03@
wi(x,t) = —w;(a,0).
(1) = Gt (a,0)
(¢) Consider a fluid flow with vorticity at ¢ = 0 given by

Qe, 22+y? < R?
w(x,0) = ) y2 - g
0 r° +y° > R,
where 0, Ry € R. Find w(x,t), the vorticity at later times, when this flow is
evolved by a potential flow of the form
u= —re, —ye, + 2ze,.
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Q4 Consider an ideal fluid flow in the domain between two spheres of radius a and b,
where b > a > 0. Working in cylindrical coordinates the flow is described by the
Stokes’ stream function ¢ (r, z) such that

(a) Show that the vorticity is given by
1
w = ——Ley,
r

where L1 is an operator applied to ¢ you must determine.

(b) The vorticity between the spheres is such that

2 <p<
Ll/}:{Qr a<p<b

0 otherwise ’

where p = /72 + 22 and ) € R. Assuming that the potential takes the form
P(r, z) = r?f(p*), show that in the region a < p < b, f satisfies

10£7(t) + 4t"(t) = Q,

where ¢t = p?, and solve to find the general expression for f(t).

(c¢) Assume that f(p = a) = f(p = b) = 0 and find f, expressing your answer in
terms of p. With these boundary conditions how does the flow behave at p = a
and b and why?

Q5 A bugle is modelled as an infinitely-long straight tube 0 < x < oo with varying
cross-sectional area A(x) = e for some constant a. We propose to model the air
inside the bugle by a one-dimensional flow w = u(x,t)e,, p = p(z,t), p = p(x,t).
For consistency, conservation of mass implies that the continuity equation must be

modified to
9p 9
ot Oz

(a) Assuming that they are unmodified, write down the other unforced compress-
ible barotropic Euler equations for this flow.

A (Apu) =0.

(b) Assume a basic state with uniform density pgy, uniform pressure p, and zero
velocity. Replacing p — p + po and p — p + po in your equations from (a),
derive the resulting linearised equations for the perturbations p, u and p.

(¢) Show that the pressure perturbation p satisfies the modified wave equation

Pp o (Pp  Op
%—(67+a—)

(d) By taking the ansatz p(z,t) = X (x)e™*, find the condition on w for the exis-
tence of travelling waves that move along the tube. How does the amplitude
of these waves depend on A?
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Q6 An incompressible axisymmetric flow in the infinite cylinder a < r < b has the form
UT(T,Z,t)GT—F [U(?")-}-'LLg(T, Zat)]69+u2(raz>t)eza pO(r) +p(T,Z,t), Po;

where u,, ug, u, and p represent perturbations around a steady flow U(r)e, with
pressure po(r) and uniform density po.

(a) Write out the four unforced incompressible Euler equations satisfied by w,,
U + ug, u, and pg + p. What boundary conditions are required on » = a and
r=>5?

(b) What condition on U and py is required in order that they satisfy the steady
Euler equations when there is no perturbation?

(¢) Hence write down the linearised (unforced incompressible Euler) equations sat-
isfied by the perturbations w,, ug, u., and p.

(d) By assuming the ansatzes

kz—wt) kz—wt)

ei(kz—wt)7 _x kz—wt)’ p= ﬁ(r)ez( ’

Uy = ﬁr(r)ei( , Ug = Up(T) U, = uz(r)ei(

with £ € R and w € C, show that the linearised equations reduce to the single

ODE d [1d k2
ajid ~ _2s N “
dr L dr <rur>} el wQQ)(r)ur,

where ®(r) = ii<702U2>.

r3dr

SECTION C

Q7 Water of a constant depth H lies at rest in the region x > 0 adjacent to a wall at
x = 0. At t = 0 the wall begins to move with a speed U = at in the positive z
direction, so that water begins to pile up in front of it. We propose to model this
with the shallow water equations:

o + vov + gdh =0,
Oth + vO,h + ho,v = 0.

(a) Show that the Riemann invariants I, = v £ 2¢, where ¢ = y/gh, are constant
along the characteristics satisfying dx/dt = v £ c.

(b) In the region x > cot, where ¢y = /gH, show that both characteristics are
straight lines.

(c¢) Consider a point P = (x1,t;) in the (z,t) plane that sits on the moving wall.
The x_ characteristic that passes through P originates in the region x > cyt.
Show that

1
U(SL’l,t1) = Oétl, C(Il,tl) = §Oét1 + Cp.

Hence show that the x, characteristic passing through P is a straight line and
find an expression for z.

(d) Find the earliest time at which the solution blows up.
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