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SECTION A

Q1 Decide whether each of the following statements is true for every character x of
every finite group G, in each case providing a proof or a counterexample.

(a) For all g € G, [x(g9)] < x(1).
(b) We have

> x(9)* =Gl

geG

Q2 The following is part of the character table of a group G whose order is 72 and
which has six conjugacy classes. The conjugacy classes are labeled by the order of
their elements; for example, elements of Cy4 have order 4.

Cy Cy Oy Cya Cip Cyo
vwl 1 1 1 1 1 1
vil 1 1 1 -1 -1 1
Yo 1 1 1 -1 1 -1
sl 11 1 1 -1 -1
vl o2 2
0

(a) Find the missing entries in the character table.
(b) Is G a simple group? Justify your answer.

Q3 Recall that SLy(C) has Lie algebra slyc. Let A = (_01 é) € slyc.

(a) Find exp(tA) for t € R, giving your answer in terms of trigonometric functions.

(b) Let V = Clz, y] be the vector space of polynomials in two variables. Let p be
the representation of SLy(C) on V' defined by

(p(9) )@, y) = f((z,9)9)

for g € SLy(C) and f € V, where we regard (z,y) as a row vector and multiply
it on the right by the matrix g.

Let Dp be the derived representation of sly ¢ on V. Show that

0 0

Dp(A) = xa—y ~ Yo

Q4 Let g = sl ¢ and let V' be a representation of g.

(a) State the definitions of a weight vector and an highest weight vector in V.
(b) Draw the weight diagram for V = Sym?*(C?), where C? is the standard repre-
sentation of g, showing your working.

Write down a highest weight vector in V', and indicate its weight on your
diagram.
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SECTION B

Q5 Suppose that G is a finite group and that
p:G— GL,(R)

is a representation on V' = R". Let v-w denote the usual dot product of two vectors

inV.

(a) Consider the linear map

defined by

for all v,w € V. Show that ¢ is a G-homomorphism, where R is given the
trivial action of G.

(b) Show that ¢(v?) # 0 for all v € V with v # 0.

The quaternion group (Jg is generated by two elements ¢ and j subject to the rela-

tions 12 = 52, i* = e, and ij = ji~!. Its character table is shown below:

{eb 'y {7 {i G) '} {%)
Yo| 1 1 1 1
X1 1 -1 -1 1 1
Yo | 1 1 1 11
sl 1 1 1 11
Y 2 0 0 0 -2
(c) Decompose Sym?(¢)) and A%(v)) into irreducibles.
(d) Show that there is no representation p : Qs — GL2(R) with character .
Q6 (a) State Frobenius reciprocity.
(b) If G is a finite group, H C G is a subgroup, x is a character of H, C is a

conjugacy class of G, and CN H =D, U...UD, for distinct conjugacy classes
D, ..., D, of H, use part (a) to derive the formula

G|~ IDs
In dG |
[H| £ Z |C|

(¢) The following shows a row of the character table of As, corresponding to a
character y:

g |e (12)(34) (123) (12345) (12354)
X3 -1 0 mE 58

Find the induced character Ind%5 X. Is it irreducible?
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Q7 Let X,Y,H be the standard basis of g = slyc and let (p, V) be an irreducible
C-linear representation of g.

(a) Prove that, if v € V is a weight vector of weight A, then p(Y)v is a weight
vector (if it is nonzero), and find its weight.

(b) Suppose that v € V' is a weight vector of weight A and that p(X)v = 0.

Show that
p(X)p(Y)"0 =nA —=n+1)p(Y)" lv

for all integers n > 1.
Deduce that, if V' is finite dimensional, then A\ € Z.

(c) Suppose that V = g with the adjoint representation. Decompose Sym?*(V) into
irreducibles, and find a vector v € Sym?(V) such that Av = 0 for all A € g

Q8 Let J = ( 0; 32> where I5 is the 2 x 2 identity matrix and 05 is the 2 x 2 zero
—1Iz 0O

matrix. Define a Lie group G by
G ={g€ GLyR) : g"Jg = J}.
(a) Show that the Lie algebra of G is

g={Xeglr: X"J+JX =0}

(b) Show that a general element of g may be written as

()

where A, B,C € glyi, B= B”, and C = C".
Hence, or otherwise, find dim g.

(c) Let h C g be the subalgebra consisting of diagonal matrices of the form

2 0 0 0
loy 0 o0
H=10 0 -2 0
00 0 -y

for z,y € R. Find elements Fy, Es, F5 of g such that, for H of this form,
adg(Fy) = (x +y)E1, ady(Es) = (z — y)Es, and ady(F3) = 2z Es.

Write down the remaining eigenvalues of ady on g. You do not need to justify
your answer.
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