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SECTION A

Q1 1.1 State the Hahn-Banach theorem.
1.2 Let X be a Banach space over a field F. For a given 0 # z € X’ define

fo:span{z} — TF

by f» (ax) = o ||z|| where o € F. Show that f, is a linear functional and that
=1.

‘ * span{z}*
1.3 Prove that for any 0 # x € X there exists f, € X* such that f,(z) = ||z|| and
I.fz]

Q2 Consider the operator T": {o, — €, with 1 < p < o0, defined by
a9 Qp,
T(a) = ( ——)
<a) a1 Qa ne

2.1 Show that T is well defined when o > 1/p. In that case also show that it is a
linear operator and that it is bounded. Is T" well defined when « = 1/p?

=1

2.2 Show that for any o > 1/p the operator T is injective but not surjective.
Q3 Let X, ) be Banach spaces.

3.1 Define what it means for a linear operator T : X — Y to be compact.

3.2 Let f: X — C be an unbounded linear functional (where we assume that such
a functional exists). For a fixed 0 # zp € X let T : X — X be defined by
Tx = f(x)xy. Show that T has finite rank (i.e. dim(R(7")) < oo) but is not
compact.

Q4 Let u : R — R be defined by u(z) = (1 + |=|)~'.

4.1 For which 1 < p < oo is u € Wy (R)?
4.2 Give an explicit f € H'(R) such that f(u) = 1.
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SECTION B
Q5 Consider the subset H C ¢, given by

H:{aefﬂ Zn2|an|2<oo}.

neN
5.1 Is H closed with respect to the norm of /5,7 Prove your claim.
5.2 Let B be the set

B:{a€H| Zn2|an|2§1}CH.

neN
Show that for any a € B we have that

1
2
> el <
n>N

and then prove that if {a,}, . is a sequence in B such that

(an); — aj, Vi eN
for some a € B (component-wise convergence) then

Ja. ~ all, — 0

Q6 Let X and Y be normed spaces and let E be a given subset of X. Let T : X — Y
be a given bounded linear operator.

6.1 Show that if T'|g = 0 then 7|y = 0 where M = spank.

6.2 Let {E,}, .y be a given sequence of subsets of X. Show that if {7}, .y €
B (X,)Y) satisfy
TnlEj = O, Vn Z j,

then if {7},},.y converges to T' € B (X,Y) in the operator norm we have that
T|Spanun€NEn = 0
Q7 Consider T : {5 — {5 defined by
T(xy,x9, x3, T4, T5, g, ... ) = (0,21,0, 23,0, 25,...).

7.1 Compute T2

7.2 Find p(T'), o(T'), 0,(T), 0.(T) and o,.(T).
Q8 Let T =il in the Hilbert space L*([0,1]) with

D(T) = { f e L2([0,1]) : f absolutely continuous on [0, 1], ' € L2([0,1]), f(0) =i f(1)}.

8.1 Show that T is densely defined.
8.2 Show that 7' is symmetric.

8.3 Show that 7' is selfadjoint. You may use without proof that the general solution
of f' — uf = g (for given u € C and g € L*([0,1])) is

F(@) = exp(uz) (c + [ expl-ntiatt dt) ,
for a constant C' € C.
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