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Q1 (a) Consider the letters DERANGEMENT.
(i) How many arrangements of these letters are there?
(ii) How many arrangements contain the word RANGE as a contiguous string?
(iii) How many arrangements contain neither of the words RANGE, GEM?

(b) Prove by induction that for any integer n € Z,

(-1t = (- 2,

, 2
=1

Q2 (a) (i) A strange pixie can climb stairs two, three or five steps at a time. Find a
recurrence relation for the number a,, of distinct ways the pixie can climb
a flight of n stairs. Also, calculate ag, ay, as, as, ay, as.

(ii) Use the recurrence relation to derive a closed form for the generating func-
tion of a,. [Please do not find the coefficients of the generating function.]

(b) Solve the recurrence relation
Ap = —CQp_1 + 6a,_2 — 7+ 4n
with initial conditions ag = 4 and a; = —2.

Q3 (a) (i) Find the generating function for the sequence (a,,n € {0,1,2,...}) where
a, = (n+1) (”+3).

n

(ii) Evaluate Y o0 (n+1)("%)27".

(b) How many solutions (x1, x5, 3, x4, T5) are there to the equation
$1—$2—ZE3+JI4+ZE5 =3
where each x; is an integer and

21 <1, 29>2 23>1, and 2; < —1+4iforie {4,5}7

Q4 A connected simple planar graph has every vertex of degree 3 and every face with
either 4 or 6 edges. There are exactly 2 faces with 6 edges. How many faces with
4 edges are there in this graph? Draw an example of a planar graph with these
properties. [Hint: Use the handshaking lemmas and Euler’s formula for simple
connected planar graphs.|
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