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Q1 (a) Let a, b ∈ R with a ≤ b. Let a∗ = max{0, a} and b∗ = max{0, b}. Show that

b∗ − a∗ ≤ b− a.

(b) Let a, b, c ∈ R with a < b < c. Show that

a|b− c|+ b|a− c|+ c|a− b|
|a− b|+ |a− c|+ |b− c|

= b.

Q2 Recall that for a function f : R→ R and A ⊂ R the image of A under f is

f(A) = {f(a) ∈ R | a ∈ A}.

Work out sup(f(A)) and inf(f(A)) in the following cases. Also, decide whether
f(A) has a maximum or a minimum in these cases.

(a) Let f(x) = x2 − 2x+ 2 and A = (0, 2).

(b) Let f(x) = 3− 4x and A = [0, 5) ∪ (6, 7).

Q3 (a) For the following sequences, calculate the limit or show that no limit exists.
State any results that you use.

(i) xn =

(
1− 1

n3

)n2

.

(ii) yn =
e−n + n+1

2n+1
log n

n
− 2n2−1

n2+1

.

(b) Let 0 < α < 1, a0 = 0, a1 = 1, and for n ≥ 2 let an = αan−1 + (1− α)an−2.

(i) Show that |an − an−1| = (1− α)n−1 for n ≥ 2.

(ii) Show that (an)n∈N is a Cauchy sequence.

Q4 (a) Let

xn =


(
1 + 1

n2

)n
n = 3k

(−1)n
√
n− 1(

√
n+ 1−

√
n) n = 3k − 1

e−n n = 3k − 2

Calculate lim sup
n→∞

xn and lim inf
n→∞

xn.

(b) Let (an)n∈N be a bounded sequence, and (anj
)j∈N a subsequence of it.

(i) Show that
lim sup

j→∞
anj
≤ lim sup

n→∞
an.

(ii) Give an example of a bounded sequence (an)n∈N and a subsequence (anj
)j∈N

such that
lim sup

j→∞
anj
6= lim sup

n→∞
an.
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Q5 Determine whether the following series are convergent or not. State any results that
you use.

(a)
∞∑

n=1

(5n + 1) · (n!)2

(2n)!
.

(b)
∞∑

n=1

(
n− 1

n

)n2

.

(c)
∞∑

n=2

log

(
1 +

(−1)n

n

)
.

Q6 (a) State the ε-δ definition of continuity of a function f : X → R at a point c.

(b) Consider the function f : R→ R given by the formula

f(x) =

{
x2 if x is rational;

0 if x is irrational.

(i) Determine the set of points c ∈ R at which f(x) is continuous.

(ii) Determine the set of points at which f(x) is differentiable.

Q7 (a) State Taylor’s Theorem with the Lagrange form of the remainder.

(b) Consider the function f(x) = x4 + 9x3 + 7x2 + 2x− 1.

(i) Compute the 2nd order Taylor polynomial T
(2)
f,c (x) for c = 0.

(ii) Determine ξ as a function of x in the Lagrange form of the remainder for
the above Taylor polynomial.

Q8 For each of the following infinite series, determine the set of all x ∈ R for which it
converges. Determine where the convergence is absolute and where it is conditional.
State explicitly what results from lectures you are using.

(a)
∑∞

k=0

(
3k

4k+9

)
xk.

(b)
∑∞

k=0 ak(x− 7)k with ak =

{
k if k is prime;

0 k is not prime.

Q9 (a) State the definition for a sequence of functions fn(x) on a domain X to converge
uniformly.

(b) Prove that the series
∑∞

k=0
cos(xk)
k(k+x2)

defines a continuous function on R.

(c) Give an example, with proof, of a function f(x) and a sequence of functions
fn(x) on R that converges pointwise to f but not uniformly.

Q10 (a) State the definition of a regulated function on an interval [a, b] and explain
how we define the integral of a regulated function. You do not need to give a
complete proof that the integral is well-defined, but you should indicate what
needs to be checked.

(b) Show that exp(x) is a regulated function on [0, 1] by writing down an explicit
sequence of partitions and step functions and proving that they converge uni-
formly.

ED01/2023
University of Durham Copyright

END


