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d
Q1 (i) Use the derivative of sinhz to find d—(arcsinh x).
x

N\ 2
+ Z,) in the form a + b with a and b real.

2
ii) B th 1 b
(ii) Express the complex number <1 o

d .
(iii) Find %((sin x)¥ ).

Q2 (i) Evaluate the definite integral

w/2
/ coszsin? z dx .
0

(ii) Find an expression for the indefinite integral / 2" sinh  dx in terms of / 2" ?sinh x dz

and use this to find / 22 sinh z dz and / 2% sinh z dz.

(iii) Evaluate the indefinite integral

1
/xg_lda:.

1 1
Hint: /—dﬂc = —arctan(z/a)

22+ a? a

Q3 (i) Evaluate the following limits, you may use any method. You will only get full
marks if you explain carefully the steps and rules you are using to prove the
limits:

cos T

I
(8) ;ng}z r—T/2

(b) lim zcos?i
z—2/7 *
(¢) lim zcos i .

z—0

(ii) (a) Find all complex solutions of the equation
(z—1)'=1

in the form z = x + iy.
(b) Plot these solutions on the complex plane.

(c) Hence or otherwise completely factorise the polynomial (z — 1) — 1 over
the complex numbers.

(d) Completely factorise the same polynomial (z—1)*—1 over the real numbers.
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Q4 (a) Determine whether or not the series

SRR .
=\t +2 = n(In2n)3/?

converge.
(b) Determine the interval of convergence for the power series

X H2n
2 n
—XT .
n
n=1

Determine whether the series converges at the endpoints of the interval of
convergence.

Q5 5.1 For the function f(z) = exp (_1+52in:v)’

(a) Find the second-order Taylor polynomial py(z) about x = 0.
(b) Use the Lagrange form of the remainder to obtain a bound on the error
f(x) = pa().
5.2 (a) Consider the matrix

1
a 0 7

A= 0 b c
—1 0 L

V2 V2

Find the values of a, b and ¢ such that A is orthogonal. Assume all of a,
b and c are positive.

(b) Use the fact that A is orthogonal to write down the inverse of A.

(c) Write down the property of the eigenvalues of A that results from A being
orthogonal.

Q6 For which values of a € R does the system of linear equations
(> =Nz + (a—1)y—az=—1
(> Dzx+2a—1)y— z2=-1
(a—Dy+ z=a

have (a) no solutions, (b) a unique solution, (c) infinitely many solutions?

Find the solutions in cases (b) and (c) and, in case (c), also say whether the solu-
tion represents a line or a plane, and write down the solution of the corresponding
homogeneous equation.

Q7 7.1 Find the eigenvalues and corresponding eigenvectors of the matrix

3 0 0 0
0 l 1
-1 0
1 0 1

o O O

7.2 Prove that a hermitian matrix must have real eigenvalues.
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