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SECTION A

Q1 (a) Find all irreducible polynomials in (Z/2)[x] of degree less than or equal to two.
Carefully explain your reasoning.

(b) Factorise the polynomial z° + 2% + 2% + 1 into irreducible polynomials in the
ring (Z/2)[z]. Justify your answer.
a) Let e an 1ntegral domain with finitely many elements. ow that R 1s a
Q2 Let R Db i 1d in with finitel 1 Sh hat R i
field.

(b) Let S be a commutative ring with finitely many elements. Show that every
prime ideal of S is also maximal.

(¢) Give an example of a commutative ring with 9 elements which is not an integral
domain. Justify your answer.

(d) Give an example of a commutative ring with 9 elements which is an integral
domain. Justify your answer.
Q3 3.1 Let G be a finite group. Show that for all ¢ € G the order of g, ord(g), divides
the order |G| of G. (Carefully state all results that you use.)

3.2 Let G be a finite group of even order 2m, and let H be a subgroup of order m,
where m € N. Show that H is a normal subgroup of G.

3.3 Let ¢ : Dy — A4 be a homomorphism. Show that ¢ is not injective.
Q4 4.1 Determine all abelian groups of order 500, up to isomorphism. (Carefully state
all results you use.)

4.2 Determine all proper subgroups of a group of order 50, up to isomorphism.
(Carefully state all results you use.)
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SECTION B

Q5 Let R be the set of polynomials in Q[x] whose constant term is an integer. That is
R={a+zh(z) : a€Z, h(z) € Q[x]}.

(a) Show that R is a subring of Q[z], and determine its units.

(b) Show that the irreducible elements in R are +p where p is a prime in Z and
the polynomials f(z) that are irreducible in Q[z] and have constant term +1.

(¢) Show that x cannot be written as a product of irreducible elements in R.

Q6 (a) State the Chinese Remainder Theorem for P.I.D.s. (You do not need to define
the notion of coprime elements.)

(b) Consider the following polynomials in (Z/3)[z].
@) =z+1, fole)=2"+2+1, falr) =2"+a+2

(i) Show that the polynomials fi(x), fo(x), f3(z) are pairwise coprime in the
ring (Z/3)[z].
(ii) Find a g(x) € (Z/3)[x] that satisfies the following three properties:
a) 9(2) = 1, -
b) fao(z) divides g(z) — (z* 4+ 2z + 2) in (Z/3)[z] and
c) f3(z) divides g(z) — 2 in (Z/3)][z].

(Hint: Rewrite the above conditions in terms of the image of g(x) in the
quotient rings (Z/3)[x]/(fi(z)) for i = 1,2,3 and use C.R.T.)

(iii) Determine all polynomials g(z) € (Z/3)[x] with the above three properties.
What is the smallest possible degree of such a polynomial?
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Q7 Let G be a group. Define a map a: G x G — G such that for each pair g, h € G,

Q8
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8.4

a(g,h) = ghg™"h"

Show that for any g,h € G, a(h,g) = a(g,h)™".

Given g € G, let I'(g) := {h € G : a(g, h) = e}, where e is the identity element
of G. Show that I'(g) is a subgroup of G for each g € G.

Let S C G denote the set S := {a(g,h) : g,h € G}. Let H be the group
generated by S, i.e., the set

H = {Ol(gl,h1>04(gg,h2> o Oé(gk,hk) g1, ... 7gk7h1a .- '7hk € Gak Z 1}

of all finite products of elements of S. (You may assume without proof that it
is indeed a group.) Show that H is a normal subgroup of G.

With the notation of the previous part, show that G is an abelian group if,
and only if, H = {e}.

Determine the corresponding group H when G = Dg.

Determine the size of the conjugacy class of 0 = (23)(412)(651) in Se.

Prove or disprove: the permutation
123456
342165

Determine, with justification, the normal subgroups of S;. (Carefully state all
results that you use.)

belongs to Ag.

Show that there are no elements o € S; that commute with all other elements
of Sy. (Hint: Use the previous part.)
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