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SECTION A
Q1 In this question, L will always be an oriented 2-component link.

(a) Given a diagram D of L, explain how to compute the linking number 1k(L)
from D.

(b) Show that the linking number lk(L) thus computed does not depend on the
given diagram D.

(¢) Show that making fewer than |lk(L)| crossing changes to D (by crossing change
we mean changing an undercrossing to an overcrossing) cannot result in a
diagram of the unlink.

(d) Give an example of a link L with k(L) = 2 such that no diagram of L can be
transformed into a diagram of the unlink by making 2 crossing changes.

Q2 (a) Draw a vector field on the open unit disc whose only singularity is at the origin
and of index —1.

(b) Determine the winding number of the map
y: St — St

given by
23+ 4z
L2 —————
7 |23 + 4z

where S C C is the unit circle centered at the origin.
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SECTION B

Q3 This question is about the Alexander-Conway polynomial V(z). In Figure 1 on the
next page we define the link K (p, q) where p,q € Z are integers.

(a) Give the defining relations for the Alexander-Conway polynomial.
(b) Compute the Alexander-Conway polynomial Vg (2,2)(2) of the knot K(2,2).
(c) Compute the Alexander-Conway polynomial V g (2022,2024)(2) of the knot K (2022, 2024).

Q4 (a) We know that the trefoil has crossing number 3 and genus 1, while the Figure
eight knot has crossing number 4 and genus 1. By considering the knot K (2, q)
for ¢ € Z as defined in Figure 1 on the next page, or otherwise, show that for
every number ¢ > 3 there exists a knot with crossing number ¢ and genus 1.

(b) For each n > 1 you may assume that the knot K (—1,2n) has crossing number
2n + 1 and genus n. By using connect sums of knots or otherwise, show that
for every pair of positive integers ¢, g > 0 satisfying

29+1<c

there exists a knot with crossing number ¢ and genus g.
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K(p.q) =

Figure 1: In this figure we define the link K (p,q) for each pair of integers p,q € Z. We
see that a box labelled n consists of n crossings, so that the diagram given of K (p, q) has
p + q crossings in total.
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