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SECTION A

Q1 Let o € C be an algebraic integer.

(a) Define the set of conjugates of .
(b) Assume that o # 0. Show that some conjugate of a has absolute value at least
1. Carefully justify your reasoning. (Hint: Consider Ng(a)(v).)
Q2 (a) Let K = Q(\/7). Compute the discriminant A (2,3 + /7).
(b) Let K = Q(0), where 6 is a root of the polynomial 72? — 3. Determine the ring

of integers O and give a generator for its group of units Oj.

Q3 (a) Let K be a number field and I and J two ideals of Ok such that I C J. Recall
that every ideal of O is a full lattice in K and hence has a discriminant. Prove
that if AK(I) = AK(J), then I = J.

(b) Find all the ideals of Z[\/—21] that contain the element 10 and have norm 10.
Q4 Let K = Q(v/—5) and consider the following ideals of Ok:

p=(2,1+v-5),
q=(3,1+V-5),
t=(3,1—+/-5).
(a) Using Kummer—Dedekind or otherwise, show that p, q,t are prime ideals and
find their norms.
(b) Show that p, q,t are not principal ideals.
(c¢) Show that in the class group Cl(Of), we have the relations
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SECTION B

Q5 (a) Let R be any integral domain and suppose that € R has a factorisation

T =Up1---Pn,

where u is a unit and the p; are prime elements. Show that the above factori-
sation is the unique factorisation of z into a product of irreducible elements, up
to ordering of the factors and multiplication by units. (Hint: Let 2 = vgy - - - g,
be a factorisation where v is a unit and the ¢; are irreducible.)

(b) Let r be an element of an integral domain R and consider the principal ideal
(r) of R. Show that if (r) is a prime ideal, then r is a prime element.

(¢) It is known that the ring R = Z[v/—5] is not a UFD (i.e., does not have unique
factorisation into irreducibles). Show that, nevertheless, the element 5 € R
does factor uniquely into a product of irreducibles (up to units and ordering of
factors).

Q6 Let 6 € C be a root of the polynomial 23 — 3 and let K = Q(0).
(a) Compute Ag(ZI[0)]).
(b) Show that Ox = Z[0].

Q7 Let K = Q(V/d), where d € Z is squarefree and d # 1 (mod 4). Let a,b, ¢ € Z with
a and c non-zero and such that

cla, c|b and ac| (b*—dc?).

(a) Show that there exist n,r € Z such that bn — dc = ar.
(b) Prove that
{a,b+ cVd}
is a generating basis (i.c., a Z-basis) for the ideal (a,b + cv/d) of O.
(c) Compute the norm of the ideal (6,5 — /7).

Q8 Determine the class group of K = Q(v/—57). You may use the Minkowski bound,
4

tn)
given by By = (—) 3\/|AK|.
m™) n"
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