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SECTION A

Determine the minimal polynomial of /3 — 2v/2 over Q.
Find all complex roots of the polynomial z* + 62 — v/10z + 3/2.

Q1

(a)
(b)
Q2 (a) Determine the Galois group of the polynomial f(z) = 23 — x + 1 over Q.
(b) Determine the Galois group of the polynomial f(z) = 2% —z+1 over Q(v/—23).
(a)

Q3

Suppose that a non-zero polynomial f(z) € F,[z] has a repeated root in some
field extension of F,. Prove that f(x) is reducible in [F,[x].

(b) Let a be a oot of g(z) = #*+2%+1 € Fylx] in some field extension. Determine
the degree of the extension Fy(a)/Fy and find the minimal polynomial of o~
Q4 (a) Find a normal closure N of the extension Q(v/7)/Q.

(b) Describe the structure of the Galois group of N/Q from the previous part by
specifying generators and relations.

a

SECTION B

et L = R(x1,x2,23) be the field of rational expressions in independent indetermi-
5 Let L=R be the field of rational ions in ind dent indetermi
nates x1, 9, r3 with real coefficients, and set
€1 =1+ X2+ 23, €3 =2T1Ty+ T1T3 + TaZ3, €3 = T1T2X3.
(a) Find an expression for z3z% + z32% + 2322 as a polynomial in ey, eq, €3.
(b) Show that L is a Galois extension of K = R(ey,es,e3) and determine the
structure of Gal(L/K).

(c) Let o = x1 4 2w9 + 323 € L. By considering the action of the Galois group or
otherwise, show that L = K(«).

Q6 (a) Find the minimal polynomial of # = \/5 — v/5 over Q and show that K = Q(6)
is a Galois extension of Q.

(b) Determine the structure of Gal(K/Q) and describe how its elements act on 6.
(c¢) Find all fields M where Q C M C K.

Q7 Let L = Q((y5) where (o5 is a primitive 25 root of unity.

(a) Show that L contains unique subfields M and K such that [L : M] = 5 and
[L: K] =4.
(b) Explain why L/M is a cyclic extension and find o € M such that L = M (J/a).

(c¢) Explain why L/K is a cyclic extension and show that there is no § € K such
that L = K(/f).

Q8 (a) Show that the polynomial f(z) = z® + 2z + 1 is irreducible in F3[z]. Given a
root 6 of f(x) in a splitting field, express the other two roots of f(z) as linear
combinations of the basis 1,8, 6% over Fs.

(b) By using f(x) = x® 4+ 2z + 1 or otherwise, construct an irreducible polynomial
in F3[z] which has degree 39.

(c) Given prime p and integer n > 1, prove that z¥" — z € F,[z] is the product of
all irreducible monic polynomials in F,[z] with degree dividing n.
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