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SECTION A

Q1 (a) State the definition of a representation of a Lie group. When is a representation
called irreducible?

(b) For the groups U(1) and SO(3), describe two different examples of irreducible
representations each.

(c) Let g ∈ SO(3) act on R3 by letting

v → r(g)v = g2v

for v ∈ R3. Does this define a representation? Explain your reasoning.

Q2 Consider the path

g(t) = exp

(
it

(
0 −i
i 0

))
for t ∈ R in SU(2).

(a) Find the tangent vector at the identity element of SU(2) associated with g(t).

(b) Find the matrix g(t) by working out the exponential. Check that the result is
in SU(2).
hint:

sin(x) =
∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1

cos(x) =
∞∑
n=0

(−1)n

(2n)!
x2n

(c) Show that the set {g(t)|t ∈ R} describes a subgroup of SU(2). Which group
is this subgroup isomorphic to?

Q3 Consider a relativistic field theory with two complex scalar fields φ1 and φ2 of electric
charge 1 and a complex scalar field S of electric charge −2, coupled to a U(1) gauge
field Aµ.

(a) Write a gauge invariant kinetic Lagrangian density for the above fields. What
is the global symmetry of this field theory?

(b) Write down the most general gauge invariant scalar potential that respects the
global symmetry found in part (a) and that is a polynomial of degree at most
three in the fields and their complex conjugates.
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Q4 Let Aµ be an SO(3) gauge field, Fµν be its field strength, and Y be a real 3-vector
that transforms as Y 7→ MY under an SO(3) gauge transformation with group
element M ∈ SO(3). The Lagrangian density is

L = − 1

2g2
tr(F µνFµν)−

1

2
(DµY )T (DµY )− (Y TY )2 ,

where Dµ is the gauge covariant derivative defined by DµY = ∂µY − iAµY , and the
subscript T denotes the matrix transpose.

Write the finite SO(3) gauge transformations of Aµ and Fµν in terms of M and MT

(you may use the expression for Fµν in terms of covariant derivatives). Show that
the Lagrangian density L is invariant under such gauge transformations.

SECTION B

Q5 The Lorentz group L in three dimensions is the group of matrices such that ΛTηΛ =
η. Here η is a diagonal matrix with non-zero components η00 = −1, η11 = η22 = 1.

5.1 Find a basis of the Lie algebra of L and work out the commutators between
the basis elements.

5.2 Let si for i = 0, 1, 2 be matrices such that

{si, sj} = 2ηij

(
1 0
0 1

)
Find matrices si that satisfy this relation.

hint: try matrices proportional to the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

5.3 Let s be the Lie algebra with basis vectors Sij := [si, sj], and with [Sij, Skl] ≡
SijSkl − SklSij the usual commutator between matrices. Find a Lie algebra
homomorphism from s to the Lie algebra of L.

5.4 Does the Lie algebra representation constructed above arise from a group rep-
resentation of L? Explain your answer.
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Q6 Let

(x,y) :=
2n∑
i=1

2n∑
j=1

xiΩijyj

be a bilinear form on C2n with Ωij ∈ C. Let G ⊂ GL(2n,C) be the set of matrices
M for which (Mx,My) = (x,y) for all x,y ∈ C2n.

6.1 Show that G is a Lie group using matrix multiplication as the group operation.

6.2 Under which condition is a matrix contained in the Lie algebra g of G? Verify
that matrices obeying this condition form a vector space.

6.3 For the case n = 1 and Ω =

(
0 1
−1 0

)
show that G ∩ U(2) = SU(2).

6.4 For the case n = 2 and Ω =


0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

 find the dimension of G.

Q7 An abelian gauge field Aµ in one time and two space dimensions has Lagrangian
density

L = k εµνρAµ∂νAρ + AµJ
µ ,

where k is a real constant, εµνρ is the totally antisymmetric tensor with three indices,
normalized such that ε012 = 1, and Jµ is a conserved current.

7.1 Show that the action S[Aµ] =
∫
d3x L changes by a boundary term under a

gauge transformation Aµ(x) 7→ Aµ(x) + ∂µα(x). (You can leave the boundary
term as an integral over spacetime.)

7.2 Find the equations of motion and show that they imply ∂µJ
µ = 0.

7.3 Express the equations of motion in terms of the electric field E, with com-
ponents Ei = Fi0, and the magnetic field B = F12. Find the total charge
Q associated to the current Jµ for a field configuration with magnetic flux
Φ =

∫
d2x B across space.
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Q8 It is given that, in a gauge where A0 = 0, the energy of a static field configuration
of a gauge field Aµ and a scalar φ transforming in the adjoint representation of the
gauge group is

E =

∫
d3x tr (EiEi +BiBi + (Diφ)(Diφ)) .

In the previous equation the integral is over space R3, i = 1, 2, 3 are spatial in-
dices, Ei = Fi0, Bi = 1

2
εijkFjk, Di is the gauge covariant derivative, and we do not

distinguish between upper and lower spatial indices.

(a) Write the coefficient in front of (Diφ)(Diφ) as 1 = sin2 α+cos2 α for a constant
angle α and use the Bogomol’nyi trick twice to find a lower bound for the
energy.

(b) Use the Bianchi identity εijkDiFjk = 0 and the equation of motion DiF0i = 0,
which are obeyed by these field configurations, to write the lower bound for
the energy as a boundary term.

(c) Maximize the lower bound for the energy.
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