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SECTION A

Q1 A two-dimensional spacetime has coordinates (¢, x). New local coordinates are de-

fined by p = et, ¢ = ze .

(a) A vector field V* has components V# = (1,1) with respect to the original
coordinates. Calculate its components V# with respect to the new coordinates.

(b) An antisymmetric (0,2) tensor field w,, (so wu, = —w,,) has w, = 1 with
respect to the original coordinates. Calculate its components w,,, with respect
to the new coordinates.

Q2 In a spacetime with metric ds? = —dt? + t2dx? + dy? + dz?, a curve is defined by
t=XNz=0,y=\z=\for X € (1,2).

(a) For the vector field U* = (¢2,2,y — 2,0), compute g, U*U"”. Show that this
function is constant along the given curve.

(b) Calculate the proper length of this curve.
Q3 Consider the spacetime with metric
ds® = —dt* + exp(2Ht) (dr® 4 r* (d6” + sin® 6d¢?)) |,
where H is a constant.

(a) An astronaut at fixed r = ry, = 7/2, ¢ = 0, sends a light-ray radially towards
r = 0 at coordinate time ¢t = ¢;. What is the value of the coordinate r of the
light-ray at a later time ¢ > 17

(b) What frequency would an observer at fixed r = 0, § = 7/2, ¢ = 0, measure for
light sent by the astronaut of part a) with frequency w?

Q4 Consider the following matter action in d spacetime dimensions:
S[By, 9] = /dd:v\/—g ((0,B, — 0,B,) (0"B" — 0"B") + aB,B") .

(a) Evaluate the stress tensor corresponding to this matter action. You can use
without proof that

1
5\/__ = _5\/__gg;wdglw

(b) Take av = 0. Evaluate T}, does it vanish for any value of d?
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SECTION B

Q5 Consider a spacetime with metric
ds? = —p2ridu® + 2dudv + dr? + r*d¢?,
where p is a constant.

(a) Calculate the Christoffel symbols for this metric.

(b) This metric has three Killing vectors. Write down the corresponding conserved
quantities for geodesics in this metric.

(c) Show that geodesics with ¢ constant and u not constant have r = asin A,
where )\ is an affine parameter along the geodesic, and « and ( are constants,
which you should relate to the conserved quantities identified in the previous
part.

(d) Give expressions for u(A) and v(A) for these geodesics. [You may find the

integral [ sin®zdz = 4(z — sinz cosz) useful ]

Q6 (a) Consider a spacetime with metric g, = exp (2f(2*))n,., where f(z*) is a scalar
function and 7, is the Minkowski metric. Calculate the Christoffel symbols
for this metric, and write the geodesic equation for null geodesics. Show that
there is a non-affine choice of parameter ¢ such that the null geodesic equation
can be rewritten as d*z*/do? = 0.

(b) Suppose that a scalar field ¢ satisfies V,V*¢ = 0. Show that the tensor
U =V, Voo — 0R,,
satisfies V, U = ApVH"R, where A is a constant you should compute.
Q7 Consider the metric

dr?

2 (] 42\
ds (1+7r°)dt +(1—|—7*2)

+ 72 (d92 + sin? 9d¢2) .
(a) A photon is emitted at r = t = 0 and travels radially outwards to r = L. At
which coordinate time does it reach r = L? Is this time finite as L — oco?

(b) How much time would an observer at r = 3, § = 7/2, ¢ = 0 measure for the
time it takes the photon of part a) to reach r = L?

(¢) Write down the geodesic equation for a massive particle in this spacetime as
an equation for the derivative of r with respect to the proper time in terms of
constants of motion for the path and r. You may take the motion to be in the
0 = 7/2 plane. Is the observer of part b) following a geodesic?

You may need the following integral
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Q8 Consider the spacetime
ds® = —dt* 4+ dr®* + (1 — a)?d¢”
where 0 < ¢ < 27 and r are polar coordinates and v < 1 is a positive constant.

(a) Are there any singularities (coordinate or curvature)? Justify your answer.
You do not need to classify the type of singularity.
(b) Can a spaceship take the path r(t) = 3¢, ¢(t) = 07 Justify your answer.

(c) Find a change of variables, to variables 7 and ¢, where the metric looks like
ds* = —dt* + di* + 7*dg” .

Is this flat space? Describe what this spacetime looks like.

(d) Consider the spatial part of the metric. Is this space homogenous for o # 07
Is it isotropic about r = 07
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