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SECTION A

Q1 (a) (i) Let ¢ be a simple measurable function taking only nonnegative values.
State the definition of the integral [ ¢ of ¢.

(ii) Let f be a measurable function taking values in the nonnegative extended
reals. State the definition of the integral [ f of f.
(b) State the Monotone Convergence Theorem.

(c¢) Let f,g be measurable functions taking values in the nonnegative extended
reals. Show that if f < gthen [f < [g.
(Hint: you may use that for nonnegative simple measurable functions ¢ < 9

implies [¢ < [¢.)
Q2 2.1 Let F C R be measurable and let 1 < p < .

(a) State the definition of LP(FE).
(b) Prove that if f € LP(E) and E, = {z € E : |f(x)| > a}, a > 0, then
w(Ey) — 0 as a — oo (where p denotes the Lebesgue measure).

2.2 Let ¢ > 1. If f € L0, 1], then is it true that f € L"[0,1] for 1 <r < ¢? Give
a full justification of your response.

Q3 Let H be a Hilbert space with inner product (-,-). Let the norm derived from (-, )
be denoted by || - ||

(a) State Bessel’s Inequality for an orthonormal set U = {u, : @ € I} C H.

(b) Suppose that for any v € H, v = > ;(, uqa)u, where the sum has at most
countably many non-zero terms and converges unconditionally in H. Prove
Parseval’s Identity.
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SECTION B
Q4 Let C C [0,1] be the middle-third Cantor set.

(a) Explain why C' is a Borel set.
(b) Show that C' has Lebesgue measure 0.
(c) State what it means for a point = to be an accumulation point of a set £ C R.
(d) Define the function ¢ : [0, 1] — R by
v itxel,
g(x) = {

0 otherwise.
Is g Riemann integrable? Justify your answer.

Q5 In the following A, B, B,,, E, E, C R. Recall that the symmetric difference of two
sets A and B is
AAB=(A-B)U(B—A).
(a) Show that outer measure is monotonic: namely if A C B then p*(A) < p*(B).
(b) Show that if u*(EF A B,,) — 0 as n — oo then p*(B,,) — u*(E) as n — oo.

(c) Suppose that E, is a finite union of intervals and suppose that p*(EA E,,) — 0
as n — 0o. Show that we have

W' (A) = i (BN A) 4+ 1t (B0 A),

Q6 Let £ C R be measurable. Let 1 < p,q < co. Consider the linear space LP(FE) x
Li(E) where addition and scalar multiplication are defined pointwise as (f1,91) +
| :

<f27g2> = (fl + f27gl +92) and A(f?Q) = ()‘fv)\g) for A € C. Define H(?)’
LP<E) X LQ(E) — RZO as

I = (FIE + gz 2, (f,9) € LP(E) x LI(E).
6.1 Prove that ||(+,-)|| is @ norm on LP(E) x LY(E) for 1 < p,q < c©.
6.2 Prove that (LP(E) x LY(E),||(-,-)|]) is a Banach space for 1 < p,q < co.

6.3 Using your response to 6.2 or otherwise, state conditions that normed linear
spaces X, Y, with norms || - || x, || - ||y respectively, must satisfy to ensure that
X x Y with norm ||(z,9)| = (||z|% + ||y[|%>)"/? is a Banach space.

6.4 Give an example of normed linear spaces (X, |- ||1), (Y, -|l2), such that X xY
with norm ||(z,v)|| = (||z]|? + ||y||?)*/? is not a Banach space. Briefly justify
your response.

Q7 7.1 Consider (L3[0,1], || - |lz2). Is the norm || - ||z derived from an inner product?
Justify your response.

7.2 Let £ C R be measurable. Let f € L'(E). Prove that

tim [ pe)eostno)? =5 [ fa).

You may use without proof that since f € L'(E), for any € > 0, there exists
a step function ¢ such that ||f — ¥||z1 < €. You should otherwise give a full
justification.
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SECTION C

Q8 In this question we consider the two measure spaces

ED01/2023

(X, X,v) = (R, B(R), p), (Y, ¥,m) = (R, BR), );

namely two copies of the real numbers equipped with Lebesgue measure and the
Borel g-algebra. We denote 7 the product measure associated to these two spaces.

Let f: R x R — R be the function

@) 1 f0o<ze<y<l,
aj? - .
Y 0 otherwise.

8.1 (a) State the definition of the product o-algebra.
(b) Explain why f is measurable.

8.2 Denote f,(y) = f(z,y).
(a) Show that

0 if x <0,
/fxd,u: l—2z if0<z<1,
0 ifx>1.

(b) State Tonelli’s Theorem.
(¢) Evaluate, with justification, the integral [ fdm.

(You may use without proof that f[o yhdp = 1/2 for h(z) = x.)
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