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SECTION A

Q1 Show that for each of the following two equations and boundary conditions, the
quantity

∫ +∞
−∞ dx ρ(u, ux, ut) is constant:

(a) ut + u3ux + uxxx = 0, with u, ux, uxx → 0 as x→ ±∞, and ρ = u2;

(b) utt − uxx + sinu = 0, with u, ux, ut → 0 as x → −∞, u → −4π, ux, ut → 0 as
x→ +∞, and ρ = utux.

Q2 (a) If F [u] is the functional F [u] =
∫∞
−∞ dx f (u, ux, uxx, . . .), define the functional

derivative δF [u] /δu and derive an expression for this derivative in terms of
∂f/∂u, ∂f/∂ux, ∂f/∂uxx etc.

You may assume that u satisfies the boundary conditions u → 0, ux → 0,
uxx → 0 etc as x→ ±∞.

(b) Consider f (u, ux) = a1u
2
x + a2u

3 and write out the differential equation

ut =
∂

∂x

(
δF [u]

δu

)
.

Find the values of the constants a1 and a2 for which this becomes the KdV
equation ut + 6uux + uxxx = 0.

Q3 The Marchenko equation is

K (x, z) + F (x+ z) +

∫ x

−∞
dy K (x, y)F (y + z) = 0.

Given F (x) = −e−xθ (x), show that K (x, z) = αθ (x+ z) solves the Marchenko
equation for z ≤ x for some constant α that you should determine. Hence find the
potential V (x) = 2dK (x, x) /dx.

[The function θ (x) is the Heaviside step function defined as θ (x) = 1 for x > 0 and
θ (x) = 0 for x ≤ 0. Its derivative is the Dirac delta function: dθ (x) /dx = δ (x).]
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SECTION B

Q4 Consider the pair of equations

ux = −uvx − ev

ut = uvt − e−v .

Show that these relations give a Bäcklund transform between an equation for u and
an equation for v, that you should find.

Q5 Hirota’s bilinear differential operators Dm
x D

n
t are defined by

(Dm
x D

n
t (f, g)) (x, t) := (∂x − ∂x′)m(∂t − ∂t′)nf(x, t)g(x′, t′)

∣∣
x′=x, t′=t

.

By setting u = log f in the differential equation

uxt = e−u − e−2u ,

show that this equation can be cast into Hirota’s bilinear form as

DxDt(f, f) = H(f) ,

where H is a function that you should find. Verify that

f = 1 + exp(ax+ bt+ c)

is a solution, provided that the constants a, b, c satisfy appropriate relations that
you should find. What is the velocity of this solution?

Q6 Consider u (x, t) that satisfies the KdV equation

ut + 6uux + uxxx = 0.

(a) If D = d/dx and f (x) is a general function of x, show that

[D, f ] = fx,[
D2, f

]
= fxx + 2fxD.

(b) Consider operators

L = D2 + u (x, t) ,

B = −4D3 + α1 (x)D + α0 (x) ,

Find the functions α1 (x) and α0 (x) of u and ux such that the KdV equation
can be written in the form

Lt + [L,B] = 0.

You may use that: [D3, f ] = fxxx + 3fxxD+ 3fxD
2 for any function f = f (x),

together with the formulas in part 6(a).
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Q7 Consider the Schrödinger equation

ψ′′ +
(
k2 − V (x)

)
ψ = 0,

with potential
V (x) = λ1δ (x+ a)− λ2δ (x− a) ,

where λ1, λ2 > 0.

(a) By imposing the appropriate matching conditions, derive the equation for
bound state solutions k = iµ with µ > 0 in the form

(b+ 2µ) (c− 2µ)− λ1λ2e
µd = 0,

giving the constants b, c and d.

(b) Find the bound state solutions (if any) as:

(i) a→ 0

(ii) a→∞

In each case give the corresponding constraints (if any) on λ1 and λ2.

(c) Taking for simplicity λ1 = λ2 and a > 0, is it possible to conclude that there
always exists a bound state?
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SECTION C

Q8 A field u(x, t) with x, t ∈ R is described by the Lagrangian density LL(u, ux, ut) if
x < 0, the Lagrangian density LR(u, ux, ut) if x > 0, and the Lagrangian I(u, ut)|x=0

at the interface x = 0 between the two regions. The field u(x, t) is continuous at
x = 0. Use the variational principle (or principle of stationary action) to find the
equations obeyed by the field if x < 0, x > 0 and x = 0 respectively. Under which
conditions is the equation of motion at the interface x = 0 independent of the bulk
Lagrangian densities at x 6= 0?
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