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Q1 (a) Carefully state the valence formula, explaining all terms.

(b) Let f € Si5(SL2(Z)) be a non-zero cusp form of weight 18 for SL,(Z). Give
all the zeros of f in the upper half plane. Give an example for f.

Q2 Let A = (2,), a positive definite integral matrix with associated quadratic form
Q(x) = 3'xAX.

(a) Define the associated theta series 6(r, A) and compute its g-expansion up

to index 5.
(b) Use the theta transformation formula 8(—1/7, A) = \/%G(T,A_W to show
G—ZLA = —iv1976(t, A).
197

Q3 Recall that the arithmetic functions A and o are defined by

i _ nk
/\(n) — Iog(p) If n= p ’
0 otherwise,

o(n)=Y d.

d|n

(a) Define the Dirichlet convolution f g of two arithmetic functions f and g.

(b) Show that the Dirichlet convolution of two multiplicative arithmetic functions
is multiplicative.

(c) Using the previous part or otherwise, show that ¢ is multiplicative and further
prove the formula

pu+1 -1
on) =] .
piin P~ 1

Here for a prime p, p||n means that p“|n but p**' does not divide n.

Q4 Recall that the Gamma function is defined by
rs)= [ x>'e*dx.
()= | x

(a) Without proof give a complete list of zeroes and poles of I'(s) along with their
residues.

(b) Using the functional equation
s (S s=1_(1—38
i (3)¢@=n ( . )cu—s),

determine (with proof) all zeroes of {(s) with Re(s) < 0.
(c) Show that

0= .

You may use here the reflection formula I'(s)I'(1 - s) = ;- and that {(s) has
a simple pole at 1 with residue 1.
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Q5 (a) Letf(r)=1+3XX;a,q" € Mc(SLx(Z)) with a, € Z for all n.
Let £ be the numerator of the k-th Bernoulli number By = £/b with gcd(¢, b) =
1. Show if gcd(2k, £) = 1 then there exists a cusp form of weight k for SL>(Z)
with integral Fourier coefficients b, € Z such that

by = ok_1 (n) (mod ()

[You may use the g-expansion of the Eisenstein series Ex(7) = 1—% 2 ok—1(nNg".]

(b) Show using the theory of modular forms that for kK = 14, the numerator £ of
B;4 must divide 28. To which other weights k does your argument extend?

(c) Show that for every even k > 4 aform f(t) = 1+X 2, a,qQ" € Mk(SL2(Z)) with
an € Z for all n as in part (a) exists. (This part is independent of the other
parts of the question.)

Q6 Consider M>(I4(19)), the space of the modular forms of weight 2 for the Hecke
subgroup (19). You may use dim M»(I4(19)) = 2 and that the g-expansion of
one element f in the space is given by

f(r)=1+4q9+ 4q2 +4q4 + 16q5 + 16(:}6 + O(q7).

Also recall that the action of the Hecke operator T, of prime index p for p # 19 on
MQ(I_O(19)) iS given by “bn = apn + pan/p”.

(a) Compute the g-expansion of g := T>f up to index 3. Show that f and g form a
basis of Mx(I'o(19)) and write down the matrix for the T, action on Mx(I'4(19))
with respect to this basis.

(b) Find eigenvectors for T, and use this to find a normalized eigenbasis h; and
ho of M(Ix(19)) for all Hecke operators. Justify your reasoning.

(c) Compute Tsf and with that also compute Tsg with g = T>f as above. What
are the eigenvalues of T5? Use this to give the Fourier coefficients of index
5 for both hy; and h,. Justify your reasoning.
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Q7 (a) Showthatift € Rando > 1+ 1/(log|t| +2) then

1
ﬂ (1 T o+ ) ‘ '
p<lt po

Here recall that the notation A < B means that A < B < A. Here, you may
use the estimate |log(1 — x) + x| < |x|? valid for all |x| < 1/2.

(b) Show that for any o > 1 and any t € R,

I<(o + it)] <

, > A(n) -
log¢(o + it) = ; Wg(n)(cos(log(n)t) — isin(log(n)t)).

Here A(n) denotes the von Mangoldt function.
(c) Prove that for any 6 € R,

3 +4cos(f) + cos(20) > 0.
(d) Use the previous parts to show that for any ¢ > 1 and any t € R,
1C(0)3¢ (o + i) (o + 2it))| > 1.

(e) Deduce that ¢(1+it) # 0 for any t € R. You may use here that ¢ only has one
simple pole at 1.
Q8 Let g be a positive integer and let ¢ denote the Euler totient function.
Define the Hurwitz zeta function {(s, a) for Re(s) > 1 and a € (0, 1] by

ad 1

C(S! Oé) = = (n+ Oé)s-

(a) Define what it means for a function x : Z — C to be a Dirichlet character

modulo q.
(b) Let x be a Dirichlet character modulo q. Prove that
if x = xo is the trivial character,
1<a<q otherwise.

(c) Let L(s, x) denote the Dirichlet L-function associated to a character x modulo
g. Write down the Euler product for L(s, x) for Re(s) > 1 and use it to show
that L(s, xo) has a simple pole at s = 1 with residue ¢(q)/q, where x, is the
trivial character modulo . You may assume that { has a simple pole with
residue 1 ats=1.

(d) Show that for Re(s) > 1 and x a Dirichlet character modulo g, one may write

q a
Lo s) = g3 x(a) (s, q) |
a1

(e) You are told that ¢ (s, a/q) — ¢(s) analytically continues to an entire func-
tion. Use this information to show that for all non-trivial characters x, L(s, x)
analytically continues to an entire function on C.
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