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SECTION A

Q1 Let (π, V ) be a representation of a finite group G. A vector v ∈ V is said to generate
the representation if

V = span
{
π(g)v : g ∈ G

}
.

(a) Show that every irreducible representation (π, V ) of G is generated by a non-
zero vector v ∈ V .

(b) Give an example of a representation of a finite group that is generated by a
non-zero vector, but is not irreducible.

Q2 Let G be the dihedral group of order twelve, G = 〈r, s|s2 = r6 = e, sr = r−1s〉, and
let H denote the subgroup of G generated by s and r2: H = 〈s, r2〉.

(a) Use the fact that the conjugacy classes of H are {e}, {r2, r4}, and {sr2, sr4}
to compute ResGHχπ for each irreducible representation π of G (as listed in the
character table below).

size: 1 1 2 2 3 3
e r3 r r2 s sr

(Id,C) 1 1 1 1 1 1
(π+−,C) 1 1 1 1 −1 −1
(π−+,C) 1 −1 −1 1 1 −1
(π−−,C) 1 −1 −1 1 −1 1
(ρ1,C2) 2 −2 1 −1 0 0
(ρ2,C2) 2 2 −1 −1 0 0

The character table of G.

(b) Define a representation (ρ,C2) of H by letting

ρ(s) =

(
1 0
0 −1

)
, ρ(r2) =

(
cos(2π

3
) − sin(2π

3
)

sin(2π
3

) cos(2π
3

)

)
.

Use Frobenius reciprocity to decompose the representation IndGH(ρ,C2) into
irreducible representations of G.

Q3 (a) Give a characterization of the Lie algebra of a linear Lie group in terms of the
exponential function.

(b) Let S ∈ GLn(R) be an invertible matrix and consider the Lie algebra o(S) of
the generalized orthogonal group O(S) := {g ∈ GLn(R); g S tg = S}. Show
that

o(S) = {X ∈ gln(R); XS + S tX = 0}
(S−1 exp(X)S = exp(S−1XS) might be useful).

Q4 Consider the action of SL2(R) on the space of smooth functions on column vectors
v ∈ R2 given by

(π(g)ϕ)(v) = ϕ
(
tgv
)
.

(a) Show that π defines a group representation.

(b) Compute the associated derived Lie algebra action Dπ(Y ) for Y = ( 0 0
1 0 ) ∈

sl2(R).
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SECTION B

Q5 Let G be the group of order 16 with the presentation

G = 〈a, b|a2 = b8 = e, aba = b5〉.

Denote by H the subgroup of G generated by b, i.e. H = {e, b, b2, . . . , b7}. Let
ζ = e2πi/8, and for each j = 0, 1, 2, . . . , 7, let (ηj,C) be the irreducible representation
of H defined by ηj(b

n) = ζnj.

Choosing coset representatives e and a for G/H, let W be the vector space W =
aC⊕ eC on which G acts by IndGHηj.

(a) Compute the matrices of IndGHηj(a) and IndGHηj(b) with respect to the basis
{a1, e1} of W .

(b) Show that

χIndG
Hηj

(ambn) =

{
0 if m 6≡ 0 (mod 2)

ζnj(1 + (−1)nj) otherwise.

(c) For which values of j is the representation (IndGHηj,W ) irreducible?

Q6 Let P2(n) denote the set of all subsets of {1, . . . , n} of size two. Define an Sn-
action on P2(n) by σ · {i, j} = {σ(i), σ(j)}. Let

(
λ,C(P2(n)

)
denote the regular

representation of Sn on C(P2(n)), i.e.

λ(σ)

 ∑
S∈P2(n)

zSS

 =
∑

S∈P2(n)

zS σ · S =
∑

S∈P2(n)

zσ−1·S S

for all σ ∈ Sn and zS ∈ C.

(a) Define the linear map T : C
(
P2(n)

)
→ Sym2Cn by

T{i, j} = eiej,

where em (1 ≤ m ≤ n) is the m-th standard basis vector of Cn. Show that T is
an isomorphism of Sn-representations between

(
λ,C(P2(n)

)
and (Sym2π, U);

here (π,Cn) denotes the permutation representation of Sn on Cn, and U ⊂
Sym2Cn is the subspace spanned by {eiej : i 6= j}.

(b) Let (Sym2π, V ) be a subrepresentation of (Sym2π, Sym2Cn) such that

(Sym2π, Sym2Cn) = (Sym2π, U)⊕ (Sym2π, V ).

Show that (Sym2π, V ) ∼= (π,Cn).

(c) Show that

2χλ(σ) =
(
#{1 ≤ i ≤ n : σ(i) = i} − 1

)2
+
(
#{1 ≤ i ≤ n : σ2(i) = i}

)
− 1.
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Q7 (a) Consider V = T 3(C2) = C2 ⊗C2 ⊗C2, the third tensor power of the standard
representation of GL2(C).

Decompose V into irreducible representations of SL2(C) and then of GL2(C).
Give a weight basis for all of them. (Note that since one representation occurs
with higher multiplicity your choice is not canonical).

(b) How often does the trivial representation of SL2(C) occur in T 8(C2) = C2 ⊗
· · · ⊗ C2, the eighth tensor power of the standard representation of SL2(C)?

Q8 Let h =
{(

0 x z
0 0 y
0 0 0

)
; x, y, z ∈ R

}
be the “Heisenberg” Lie algebra. You may assume

that h has a basis X =
(

0 1 0
0 0 0
0 0 0

)
, Y =

(
0 0 0
0 0 1
0 0 0

)
, and Z =

(
0 0 1
0 0 0
0 0 0

)
satisfying

[X, Y ] = Z, [X,Z] = [Y, Z] = 0.

Let (π, V ) be an irreducible finite-dimensional Lie algebra representation of h.

(a) Use Schur’s Lemma to show that there exists a scalar λ ∈ C such that

π(Z)v = λv (∗)

for all v ∈ V .

(b) Show by induction that for all positive integers k we have

π(X)π(Y )k = π(Y )kπ(X) + kπ(Y )k−1π(Z).

(c) Assume that (∗) holds in (1) with λ = 0. Show that then π(X) and π(Y )
commute. Conclude that π is one-dimensional.

(d) Now assume λ 6= 0. Let v ∈ V be an eigenvector of π(X). Use (b) to show
that if v, π(Y )v, . . . , π(Y )nv are linearly dependent for some positive n, then
v, π(Y )v, . . . , π(Y )n−1v are also linearly dependent. Obtain a contradiction.

(Hence there are no finite-dimensional irreducible Lie algebra representations
of h with π(Z) 6= 0.)
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