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SECTION A

Q1 Consider the set

c` =
{
{an}n∈N ∈ C

∣∣∣ lim
n→∞

an exists
}
.

You may use without proof that c` is a subspace of `∞.

1.1 We define L : (c`, ‖·‖∞)→ C by

La = lim
n→∞

an.

Show that L is a linear functional. Moreover, show that L is bounded and

‖L‖ = 1.

1.2 Show that there exists a bounded linear functional L : `∞ → C such that

• ‖L‖ = 1.

• For any a ∈ c` we have that La = limn→∞ an.

Q2 Consider the space `p of complex sequences defined in class.

2.1 Let 1 ≤ p < ∞ be given. Show that the sequence a = {an}n∈N =
{

1
nα

}
n∈N is

in `p if and only if αp > 1.

2.2 It is known that for any 1 ≤ s < r <∞ we have that `s ⊆ `r, which implies that
we can equip `s with two norms: ‖·‖s and ‖·‖r. Using the sequence {an}n∈N
in `s defined by

(an)j = an,j =

{
j−1/s j ≤ n

0 j > n

show that ‖·‖s and ‖·‖r are not equivalent on `s.

Q3 Let k ∈ C([0, 1]) with k(y) > 0 for all y ∈ [0, 1]. Let X be the Banach space
(C([0, 1]), ‖·‖∞). Define the linear operator T : X → X by

(Tu)(x) =

∫ x

0

k(y)u(y) dy, x ∈ [0, 1].

3.1 Show that T is bounded and that ‖T‖ =
∫ 1

0
k(y) dy.

3.2 Show that T−1 exists on D(T−1) = C1([0, 1]) ⊆ X .

Q4 Let T be a closed linear operator in a Hilbert space H. Assume that i ∈ ρ(T ).
Define U : H → H by U = (T + i)(T − i)−1.

4.1 Show that U = I + 2i(T − i)−1 and U∗ = (T ∗ − i)(T ∗ + i)−1.

4.2 Show that if T is selfadjoint then U is unitary (i.e. UU∗ = U∗U = I).

4.3 Assume that T is a selfadjoint operator with compact resolvent and eigenvalues
{λn : n ∈ N}. Prove that there exists an orthonormal basis {en : n ∈ N} of H
consisting of eigenvectors of U with corresponding eigenvalues {µn : n ∈ N}
such that

∀x ∈ H : Ux =
∑
n∈N

µn〈x, en〉en, µn =
λn + i

λn − i
.

Hint : Apply the Spectral Theorem to T .
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SECTION B

Q5 Let X and Y be Banach spaces. We say that a sequence of bounded linear operators
{Tn}n∈N from X to Y is

• uniformly operator convergent to T if ‖Tn − T‖ −→
n→∞

0.

• strongly operator convergent to T if Tnx −→
n→∞

Tx for any x ∈ X .

• weakly operator convergent to T if Tnx
w−→

n→∞
Tx.

5.1 Show that if {Tn}n∈N is uniformly operator convergent to T then it is strongly
operator convergent to T .

5.2 Show that if {Tn}n∈N is strongly operator convergent to T then it is weakly
operator convergent to T .

5.3 Show that if {Tn}n∈N is strongly operator convergent to T then

sup
n∈N
‖Tn‖ <∞.

Q6 Let X and Y be Banach spaces and let T : D (T ) ⊆ X → Y be a closed linear
operator. In addition, let S : D (S) ⊆ X → D (T ) be a bounded linear operator
such that D (S) is closed.

6.1 Show that if {xn}n∈N ∈ D (S) is such that xn −→
n→∞

x then x ∈ D (S) and

Sxn −→
n→∞

Sx.

6.2 Show that the composition TS : D (S) ⊆ X → Y is a closed operator and
conclude that it must be bounded.

Q7 In the Hilbert space H = `2(Z) define the linear operator T : D(T ) ⊆ H → H by

(Tx)n =


1
n
xn−1, n ≥ 1,

nxn−1, n ≤ −1,

x−1, n = 0,

D(T ) =

{
x = {xn}n∈N ⊆ C :

−1∑
n=−∞

|nxn−1|2 <∞

}
.

7.1 Find the adjoint operator T ∗ : D(T ∗) ⊆ H → H. You are not required to
find D(T ∗).

7.2 Show that σp(T ) = C\{0} and find σ(T ).

Q8 Consider the sesquilinear form B : H1(R)×H1(R)→ C given by

B(ϕ, u) =

∫
R
ϕ′(x+ 1)u′(x) dx.

8.1 Find a linear operator T : D(T ) = H2(R) ⊆ L2(R) → L2(R) such that
〈ϕ, Tu〉 = B(ϕ, u) for all u ∈ H2(R) and all ϕ ∈ H1(R).

8.2 Find a function u ∈ H1(R) (other than the constant zero function) with
B(u, u) = 0.

8.3 Is the sesquilinear form B bounded? Is it coercive? Justify your answers.
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