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Q1 1.1 Use the derivative of tanh(x) to find
d

dx
(arctanh(x)) .

1.2 Express the complex number

(
1 + 1

1+i

1 + 2
i

)
in the form a+ ib with a and b real.

1.3 Find
d

dx

(
(cos(x))sinh(x)

)
.

Q2 2.1 Evaluate the definite integral∫ π/2

0

cos3(x) sin2(x) dx .

2.2 Find an expression for the definite integral

In =

∫ 1

0

ex(x−1)n dx

in terms of In−1. Use this to find

∫ 1

0

ex(x−1)4dx.

2.3 Evaluate the indefinite integral ∫
x4

x2 − 1
dx .

Q3 3.1 Evaluate the following limits, you may use any method. You will only get full
marks if you explain all the steps and rules you are using to prove the limits:

(a) lim
x→∞

sin(x)e−x

(b) lim
x→1

(x− 1)2

ln(x) cos(πx/2)

(c) lim
x→0

sin2(x) sin( 1
x
) .

3.2 Find all complex solutions of the equation

(ez + 2)ez = −2

in the form z = x+ iy.

Q4 (a) Determine whether or not the series

∞∑
n=1

4ne−(2n+3),
∞∑
n=1

(
n+ 3

2n+ 5e−n

)2n

converge.

(b) Determine the interval of convergence for the power series

∞∑
n=1

1

n2 ln(n+ 3)
(3x)n .

Determine whether the series converges at the endpoints of the interval of
convergence.
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Q5 5.1 Let f(x) = cos(ln(x+ 1)).

(a) Find the second-order Taylor polynomial p2(x) of f(x) about x = 0.

(b) Use the Lagrange form of the remainder to obtain bounds on the errors∣∣∣∣f (−1

2

)
− p2

(
−1

2

)∣∣∣∣ and

∣∣∣∣f (1

3

)
− p2

(
1

3

)∣∣∣∣ .
5.2 (a) Consider the matrix

A =

1
3

a 0
b −1

3
0

0 0 c


Find all possible combinations of a, b, c such that the matrix A is orthog-
onal.

(b) Let B be an orthogonal matrix. Show that B−1 is also an orthogonal
matrix.

(c) Assume a matrix M is both orthogonal and symmetric. Show that the
only possible eigenvalues of M are ±1. You may use any facts given in the
Lectures.

Q6 Consider the following inhomogeneous system of linear equations.

x+ y + kz =2

3x+ 4y + 2z =k

2x+ 3y − z =1

(a) For which values of k ∈ R does the system of linear equations have (i) no
solutions, (ii) a unique solution, (iii) infinitely many solutions?

Find the solutions in cases (ii) and (iii) and, in case (iii), also say whether the
solution represents a line or a plane.

(b) Find the values of k ∈ R for which the corresponding homogeneous system
of linear equations has infinitely many solutions. Find the solutions for these
values of k.
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Q7 7.1 Consider the matrix

A :=

−1 0 0
−4 −1 1
4 0 −2

 .

Find an invertible matrix P such that P−1AP is diagonal.

7.2 Let

B :=

 2 0 0
−20 2 5
20 0 −3

 .

Verify that
A ·B = B · A.

Compute the matrix product P−1BP with the matrix P from Question 7.1.

7.3 Show the following general fact: If C,D ∈ Matn,n(R) commute, that is, C ·D =
D · C and v ∈ Rn is a vector in an eigenspace Vλ(C) of the matrix C, then we
have

Dv ∈ Vλ(C).
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