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Q1 A fast swab test has been developed to detect a new, more aggressive, strain of
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Tuberculosis. The following data classify 379 patients according to presence or
absence of the Tuberculosis strain as diagnosed by a “gold standard” (an expensive
and time consuming lab procedure) and by the results of the new fast but less
accurate swab test.

Has disease?

Yes No | Total

Dt D~
Test result positive T | 186 15| 201
Test result negative 71T~ 6 172 178
Total 192 187 379

1.1 Define and calculate the sensitivity and specificity of the test.

1.2 Define and calculate the false positive and false negative rates. Briefly discuss
which one is more of a problem in this example and why.

1.3 A person from the general population of India, who is selected at random, is
tested and receives a positive test result. It is thought that about 1/500 people
in India have this strain of Tuberculosis. Calculate the probability the person
has the disease given they received a positive test result, P(D*|T"). Comment
briefly on your answer.

1.4 The patient actually had the test done twice and received two positive results,
represented by the event T+, Assuming the test results are conditionally
independent given disease status, calculate the probability that they have the
disease after receiving two positive tests, P(DT|T*"). Comment briefly on
your answer.

1.5 Derive a constraint on the number n of such positive test results that they
would have to receive in a row, in order to ensure the probability that they
did indeed have the disease, given such test results, is greater than py, where
po € [0, 1] is an arbitrary constant.

1.6 Using the results of part 1.5 or otherwise, find the lowest possible n for pg = 0.8.

CONTINUED
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Q2 A set of n Bernoulli trials Xi,..., X, are performed in a particle physics collider
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experiment, with probability p of success in each trial, where success relates to the
creation of an exotic particle. The total number of successes over the n trials is
summed and represented by X = >""  X;.

2.1 What is the distribution of X7

2.2 If data is measured to be X = x, give the likelihood as a function of the
parameter of interest p.

2.3 Derive the maximum likelihood estimate of p, and evaluate it in the case where
n =20 and z = 5.

2.4 The scientist running the experiment has prior beliefs about p, based on the-
oretical considerations. They wish to represent their prior beliefs in the form
p ~ Beta(a,b). Derive the full posterior pdf for p in the case where n = 20
and x = 5, but in terms of general a and b. Your answer should include an
expression for the proportionality constant and clearly explain your reasoning.
Hint: You may wish to refer to the definition of the Beta distribution given at
the end of this question.

2.5 The scientist now specifies additional prior information in terms of the expec-
tation and standard deviation of p in the form:

1

E[p] = 5 and SD[p] = =
What choice of prior Beta distribution is consistent with this specification?

2.6 Find the posterior expectation and variance, corresponding to the prior speci-

fied in question Q2.5. Discuss your answers in relation to the prior expectation
and variance and in terms of the maximum likelihood estimate of p you derived

in Q2.3.

Hint: Let Y ~ Beta(a,b) for a,b > 0 known. Then Y has a Beta distribution
with p.d.f.

1 -1 o1 Llatb) oy b—1
= 71— = —— 7y (1 - 0<y<1
f(y) B’ (1-y) ONOK (1-y)"" 0<y<
and 0 otherwise, where B(a,b) = % is the Beta function, and I'(a) is the
Gamma function with I'(a) = (a — 1)! for a € N. We also have:
a ab
Y] a+b’ arlY] (a+0b)*(a+b+1)
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Q3 A well-known international car company claims that the average COy emission for
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its new saloon model is 118 g/km. Industry regulators test 15 cars and measure
their CO4 emissions under controlled conditions, yielding data x; with ¢ =1,...,n.
The CO; emission data in g/km is given below for the n = 15 cars, along with a
corresponding normal quantile plot.

COs emissions | 121.4 119.3 1244 120.5 1229 121.0 123.1 120.6
x; (g/km) 119.1 1228 117.3 121.2 116.6 1154 118.9

Normal Q—-Q Plot

Sample Quantiles
118 120 122 124
| | | |

116
|

I I I I I I I
-15 -10 -05 0.0 05 1.0 15

Theoretical Quantiles

The sum of the data is ), z; = 1804.5 while the sum of the squares of the data
is Yo @ = 217172.75.

3.1 Construct a boxplot for the CO4 emissions data.

3.2 Show how to calculate the coordinates of the 3rd and 15th points on the normal
quantile plot (i.e. the two points shown as open circles).

3.3 Construct a 95% Confidence Interval for the mean CO, emission u. State
clearly, and justify where possible, any assumptions that you make.

3.4 The industry regulators are concerned that the new saloon model may emit
more COy than the car company claims. Test the hypothesis that the mean
COy emission for the new saloon model is 118 g/km at the 0.5% significance
level using the Confidence Interval approach, and comment on your answer in
relation to the regulators’ concerns.

3.5 Calculate the corresponding p-value for this hypothesis, up to the level of pre-
cision allowed by the attached tables and comment on your result.

CONTINUED
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Q4 A non-negative continuous random quantity X, has probability density function

given by
4
f(zla) = 4a*z®e(@®
with parameter o > 0.
4.1 Assume that n i.i.d. observations z1, ... , x, are sampled from this distribu-

tion. Derive the likelihood function for o based on these data.
4.2 Find the sufficient statistic(s) for estimating .
4.3 Derive the corresponding maximum likelihood estimate of a.

4.4 Evaluate the maximum likelihood estimate of « for observed data:
{fL‘l = 3.2,372 = 41, T3 = 25}

4.5 Show that, for general data x1, ... , x,, conjugate priors for o can be specified
using the probability density function

f((l) x abuefTab

for a > 0 and with v > 0 and 7 > 0, where b is a parameter that you must
choose the value of to ensure conjugacy. Your answer should include (up to a
proportionality constant) the corresponding posterior density function.

4.6 Explain carefully how one could interpret the parameters v and 7 of this prior
distribution in question Q4.5, in relation to sufficient statistics of the data.

4.7 Suppose that, in addition to the n observations zi, ..., x,, for one further
measurement it was observed that the corresponding random value X, 1 < c,
for some ¢ > 0, so its actual value was not observed but only that it is lower
than c. Is it important to take this information into account? If so, find the new
form of the likelihood. If you consider it not important that this information
is taken into account, briefly explain why not.

EDO01/2024 CONTINUED
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Q5 Let Xi,..., X, be an i.i.d. sample of size n from a N(u,1/7) distribution, where
the precision 7 = 1/0? is assumed known (and hence not a parameter of interest).
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If the prior for p is judged to be a normal distribution such that u ~ N(m,1/t),
the posterior for p will also be normal with

5.1

5.2

5.3

5.4

5.5

1
plzy, ..z, ~ N(my, t_)7
1

tm 4+ ntx

where ty=t+nr, and my = "
1

An entomologist is interested in the value of the mean wing-span, pu, of a newly
discovered and extremely rare species of beetle, only found in the Kinabalu Na-
tional Forest, Malaysia. The wing-spans, X, of individual beetles are thought
to have a normal distribution for which the value of the mean wing-span pu
is unknown but the standard deviation is assumed to be ¢ = 0.6 cm. The
entomologist represents her prior beliefs about u (based upon previous experi-
ence of similar species) by a normal distribution with a mean of m = 4.3 cm
and a standard deviation of v = 0.4 cm. A sample of n = 9 adult beetles are
captured at random from the population, measured, and released, and their av-
erage wing-span is found to be z = 5.1 cm. What is her posterior distribution
for v given the data?

Explain why an Equal-tailed (EQT) posterior credible interval and a highest
posterior density (HPD) credible interval would give the same result for this
posterior distribution?

For both the prior and posterior distribution of y, find the 95% EQT credible
interval for . Comment on the difference between these two intervals.

Great interest lies in whether this new rare species of beetle has a larger mean
wing-span g, than a more common competing species which has a known mean
wing-span of 4.9 cm. Calculate the probability of this being true, using first
the prior distribution and then using the posterior distribution. Comment on
your answer.

For general values of the parameters 7, m, t, n and the data z, find the limiting
form of the posterior distribution of i in the following situations and give a
brief intuitive explanation in each case:

(a) 7, m, n and Z all fixed, but t — oo,
(b) 7, m, n and z all fixed, but ¢t — 0,

(¢) t, m, n and 7 all fixed, but 7 — 0.
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