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SECTION A

Q1 Let d: C x C — R be defined by

0, z=w,
d(z,w) = {2 et w

1.1 Show that d defines a metric on C.

1.2 Let z, = 1/n for n € N. Do we have lim,, ., z, = 0 in the metric space (C, d)?
Justify your answer.

Q2 For n € N define the function f, : C — C by

{2 Re(z) >0,
ful2) = {3”, Re(z) < 0.

2.1 Show that ) 7, f, converges uniformly on C to a function F': C — C.

2.2 Is the function F' continuous on C? Justify your answer.

2z —9
(2z+1)(z —2)

Q3 Consider the function f(z) = and recall that the Taylor series given

1 oo
by 1_Z:nEOZ” converges for |z| < 1.
3.1 Find real tants A, B such that f(2) A +B
.1 Find real constan z) = :
eal constants A, B such tha P i

around

3.2 Use the Taylor series given above to determine the Taylor series of

the point z = 0. What is its radius of convergence?

3.3 Calculate the Laurent series of on the annulus |z| > 1/2.

2z+1
3.4 Hence, find the Laurent series of f on the annulus 1/2 < |z] < 2.

Q4 Using the ‘substitution’ z = €?, or otherwise, find a meromorphic function f such

that ) )
T CoS
/0 25 — 24 cos(0) a0 = 2l=1 J(z) dz

Hence, evaluate the integral.
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SECTION B

Q5 Define f: C\{i} — C by f(z) = .

5.1 Verify that f satisfies the Cauchy-Riemann equations for all z € C\{i}.
5.2 Find the image f(D) of D ={z € C: |z| < 1, Re(z) > 0}.

Q6 Define f : C\{—i} — C by f(z) = i_:LZ . For z1,29 € C, let L(z1,22) denote the

straight line segment in C connecting the point z; with the point zs.

6.1 Let D = {z € C: Im(z) > —1}. Find a holomorphic function F' : D — C such
that F'(z) = f(z) for all z € D.

6.2 Consider the line segment ~; = L(1,—1). Calculate f71 f(z)dz.

6.3 Consider the following contour consisting of three line segments:
Yo =L(=1,—1—=2) UL(—1—2i,1—2i)UL(1 —21,1).

Calculate [ f(2)d.

Q7 Let f : D — C be a non-constant holomorphic function on a non-empty domain
D C C that is symmetric about the real axis (that is, z € D if and only if Z € D).

7.1 Suppose the Taylor series of f around a point zy € D is given by

f(z) = Z (2 — 20)" (¢, € C).

Consider the function g(z) := f(z). Calculate the Taylor series of g around
the point Zy in terms of the coefficients ¢,. Hence, or otherwise, demonstrate
that ¢ is holomorphic on D.

7.2 Explain why the set D N R must be non-empty. Hence, show that D N R
contains a non-isolated point.

7.3 Prove that if f takes real values on the set D N R then on D it must satisfy

f(z) = £ (z € D).

State any results from lectures that you use.

7.4 For the case D = C, deduce that if f takes real values on R then it cannot be
bounded on the closed lower half-plane {z =z +iy € C : y < 0}.
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Q8 Let g be a meromorphic function on C with finitely many poles aq, as, ... a, and fix

EDO01/2024

a real number p such that p > Re(a;) for every 1 < j <mn.

For any real R > 0 denote by I the straight line segment in C connecting the point
p — tR with the point p + iR and consider the function f : R.qg — C given by

1
=—1 =t .
70 20 Bobo In 9(z) €7 dz (t>0)

You may assume that this function is independent of the choice of p.
8.1 Suppose that there exist real constants M > 0, r > 0 and k£ > 1 such that
l9(2)| < M|z|7* whenever |z| > 7.

Use the Estimation Lemma to show that for every ¢ > 0 we have

/ g(z) et dz — 0 as R — o0,
Cr

where Cf is the semi-circular contour Cg(#) = p + Re?, for 0 € [r/2,37/2],
connecting p + 1R with p —iR.
z+1

8.2 Hence, calculate f() in the case that g(z) = —— .
23—z
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