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SECTION A

Q1 Let X be a random variable with expectation EX = a and variance VarX = o? €
(0,00). For integer m > 1, define

Yo = (X = ) Iix—afom.

(a) Use Chebyshev’s inequality to show that

sup m°P(|X —a| > m) < 0%

m>1
(b) By using a suitable limit theorem, find the limit of EY,, as m — oc;

(¢) Deduce that
limsupm®P(|X — a| > m) = 0.

m—00

In your answer you should clearly state and carefully apply every result you use.

Q2 Let ([O, 1], B[0, 1], P) be the canonical probability space. Given any collection of
events D C B0, 1], write (D) for the generated o-field.

Suppose that D; and D, are two collections of events in B|0, 1], where
Dlz{[a,b]:0§a<b<1}, Dgz{[c,d):0§c<d§1}.

(a) Carefully show that Dy C o(D;);
(b) Carefully show that D; C o(Ds);
(¢) Deduce that o(D;) = o(Dy).

In your answer you should properly define generated o-fields, clearly state and
carefully apply every result you use.
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SECTION B
Q3 Random bits (X,,),>1 are generated independently with common distribution
P(Xn:()):p, P(X,=1)=qg=1-p,

where p € (0,1).
Let T be the first location where the substring 00 is observed,

T:min{nZQ: Xn_lzXn:()}.
Compute the generating function E(s”). Hence, find P(T' < co) and E(T).

Q4 Given « > 1 and the canonical probability space ([O, 1], B[0, 1], P), let (X,,)n>1 and
(Y)n>1 be sequences of random variables such that

P(Xn:n“):%:l—P(Xn:O)

and

Yo(w) = n"Lpa/m(w) = 0 otherwise

{n‘", if we [0,1/n),

For each of the following claims, determine whether the statement is true or false,
and provide a full justification:

a) Asn — oo, X,, — 0in L" for some r > 1.

(¢) Asn — oo, X,, — 0 almost surely.
d

(a)

(b) As n — oo, X,, — 0 in probability.
)

(d)

(e) Asn — o0, Y, — 0 in probability.

Asn — o0, Y, — 0in L" for some r > 1.

(f) As n — oo, Y,, — 0 almost surely.

In your answer you should clearly state and carefully apply any result you use.
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