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SECTION A

Q1 (a) Let X be a topological space. Define what it means for X to be connected.
Give an alternative (and equivalent) characterisation of connectedness.

(b) Show the equivalence of the two characterisations given in your answer to the
previous item.

(c) Suppose X and Y are topological spaces, X is connected, and f : X → Y is a
continuous map. Show that f(X) is connected.

Q2 Suppose we are given a set X and two topologies τ, τ ′ on X. We say that τ is finer
than τ ′ if τ ⊇ τ ′.

(a) Show that the identity
id : (X, τ)→ (X, τ ′)

is continuous (as a map from X equipped with τ to X equipped with τ ′) if and
only if τ is finer than τ ′.

(b) Suppose (X, τ) is compact and (X, τ ′) is Hausdorff. In addition, suppose that
τ is finer than τ ′. Show that τ = τ ′.

(c) In part (b), can we omit the assumption of Hausdorffness on (X, τ ′)? In other
words, suppose (X, τ) is compact and τ is finer than τ ′. Is it always the case
that τ = τ ′? Justify your answer.

SECTION B

Q3 Let X be a set. We call a function ρ : X × X → [0,∞) a pseudometric (and
the pair (X, ρ) a pseudometric space) if for all x, y, z ∈ X the following three
assumptions hold

• ρ(x, x) = 0;

• ρ(x, y) = ρ(y, x);

• ρ(x, y) ≤ ρ(x, z) + ρ(z, y).

NB.: Note the slight difference to the definition of a metric in the first item.

(a) Let (X, ρ) be a pseudometric space. For each x ∈ X and ε > 0, set

Bε(x) := {y ∈ X : ρ(x, y) < ε}.

Define

τ := {U ⊆ X : for each x ∈ U there is ε > 0 with Bε(x) ⊆ U}.

Show that τ is a topology on X. Below, we may call τ induced by ρ.

(b) Consider the topology τ from item (a). Give a necessary and sufficient criterion
(in terms of assumptions on ρ) for τ to be Hausdorff. Justify your answer.
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(c) Given a topological space (X, τ), we may call x, y ∈ X indistinguishable
if we have for each U ∈ τ that x ∈ U if and only if y ∈ U . Show that if
τ is induced by a pseudometric, then x, y are indistinguishable if and only if
ρ(x, y) = 0.

(d) Let X := R ∪ {0} be the real line with the origin doubled. For ε > 0, set
Uε := (−ε, 0) ∪ {0} ∪ (0, ε) ⊆ X. In the lectures, we defined a topology τ on
X which can equivalently be characterised via the basis

B = {U ⊆ X : U = (a, b) ⊆ R for some a, b ∈ R or U = Uε for some ε > 0}.

Show that τ is not induced by a pseudometric.

Hint: Are there indistinguishable points in the real line with the origin doubled?

Q4 In the following, consider

Y =

{(
x, sin

1

x

)
∈ R2 | 0 < x <∞

}
,

Z = {(0, y) ∈ R2 | y ∈ [−1, 1]}, and X = Y ∪Z equipped with the subspace topology
induced by the standard topology on R2.

(a) Show that Y is homeomorphic to (0,∞).

(b) Show that X = Y .

(c) Show that X/Z is homeomorphic to [0,∞).
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