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SECTION A

Q1 Let a € C be an algebraic number.

(a) Give the definition of the degree deg v of a over Q.

(b) Show that if K/Q is a finite field extension and « € K, then dega < [K : Q.
(Explicitly mention any result from the lectures that you use.)

(c¢) Show that if § € Cis another algebraic number, then deg(a+03) < deg(a) deg(f3).
Q2 (a) Determine the fundamental unit in Z[v/23].

(b) Give all the solutions in positive integers, if any, to x* —23y* = +11. You may
use without proof that Z[v/23] is a UFD. Carefully justify all the steps.
Q3 Let K = Q(#) where 0 is a root of the irreducible polynomial 2% — z + 1.

(a) Find the matrix Ty of multiplication by 6% with respect to the basis {1, 6, 6%}.
(b) Hence, or otherwise, show that the discriminant of Z[6] is —23.
You may use the formula Ag(Z[0]) = (—1)(3) Nk o(p'(0)).
(c¢) Deduce that Ok = Z[0].
Q4 Let K = Q(0) where 0 is a root of the irreducible polynomial 23 —x + 1, and assume
that Ox = ZI[0).
(a) Factorise the ideals (3) and (5) as products of prime ideals of O.
(b) Find the norm of each prime ideal occurring in part (a).

(¢) Show that the ideal (7,2 — 0) of Ok is principal.
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SECTION B

Q5 In this question you may use the facts from the lectures that Z[/—2] is a UFD and
that if o and 3 are two relatively prime elements of Z[v/—2] such that a3 = ~3, for
some v € Z[v/—2], then a = v} and 8 = 73 for some 7,7, € Z[v/=2].

(a) Let a € Z. Show that if 7 € Z[\/—2] is an irreducible element that divides
both a + 2v/—2 and a — 2v/—2, then

T =+v-2.

Conclude that a 4+ 2v/—2 and a — 24/—2 are relatively prime if a is odd.
Find all the solutions (z,y) € Z?, if any, to y*> + 8 = x> when y is odd.
Find all the solutions (z,y) € Z?, if any, to y*> + 8 = 2> when y is even.

(b)
)

Q6 (a) Find a factorisation of —13 + 5y/—5 into irreducible elements of Z[v/—5].
)

It is known that Z[i] is a Euclidean domain with respect to the Euclidean
function ¢(a + bi) = a* + b*. Let x = 44+ 3i and y = 3 — i be elements in Z[i]
and find ¢ and 7 in Z[i] such that z = qy + r with either » = 0 or ¢(r) < ¢(y).

(c) Let R be a Euclidean domain with Euclidean function ¢, as defined in the
lectures. Show that z € R\ {0}, is a unit if and only if ¢(z) = ¢(1).

Q7 Let S be the ring Z[v/5]. Let J be the ideal (2,1 + v/5) in S.
(a) Show that J is a maximal ideal of S with (2) C J.
(b) Show that, if I is an ideal of S with
) cIcs,

then I = J.

(¢) Show that (2) # IJ for any ideal I C S and deduce that the ideal (2) does not
have a factorisation as a product of prime ideals in 5.

Q8 Let K = Q(v—47).

1+ +/—47
(a) Find the factorisations of the ideals (2), (3), and (%) inside Ok.
(b) Find the class group of K.
You may use the Minkowski bound, Bx = (%)t 1t/ Akl
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