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SECTION A

o= (120,

Calculate the curvature x(t) and the torsion 7(t) of the curve « for arbitrary ¢ € R
and for ¢ = 1.

Q1 Let a: R — R3,

Q2 Let H = {(u,v) € R?: v > 0} be the hyperbolic plane with first fundamental form
1
E(u,v) = G(u,v) = ] and F(u,v)=0.
(a) Let a : [0,1] — H be given by «a(t) = (¢,1 + ct) for a fixed constant ¢ > 0.
Derive the hyperbolic length of the curve a.
(b) Find the hyperbolic area of the domain

Avpe ={(u,v) eH:a <u<bv>c}
for fixed ¢ > 0 and a < b. Use this result to decide whether the domain
D :={(u,v) €H:u>1v>u?}
has finite or infinite hyperbolic area.
Q3 Let S C R3 be a regular surface.

(a) Give the definition of a geodesic ¢ : I — S, where I C R is an interval.

(b) Let ¢: R — S be a geodesic with ¢/(t) # 0 forallt € Rand f: R — R, t = f(r)
be a smooth invertible function with smooth inverse r = f~!(¢). Show that
co f7Y(t) is again a geodesic in S if and only if f is a linear function.

Q4 Let H? = {(u,v) € R* : v > 0} be the hyperbolic plane with E(u,v) = G(u,v) = =
and F(u,v) = 0. Let A C H? be the bounded domain (with respect to the hyperbolic
metric) bounded by the four curves u = —1/2, u = 1/2, u?*+v? = 1/2 and u*+0v* = 1
with the four vertices qy, q2, qs, q4 and interior angles 7/4, 7 /4,27 /3,27/3 at these
vertices (you do not need to prove this). Let B C H? be the Euclidean rectangle
with these four vertices.

(a) Derive the hyperbolic area of the domain A by applying the Gauss-Bonnet
Theorem.

(b) Prove or disprove that the hyperbolic area of the domain B is nonvanishing.
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SECTION B

Let o : I — R? be a smooth unit speed plane curve. Define the curvature
function k : I — R of a and give the moving frame equations.

Let o, 3 : I — R? be two smooth unit speed plane curves, where a(sy) = 5(so)
and o/ (sg) = (#'(sg) for some fixed sy € I. Assume that the curvature function
of a agrees with the curvature function of 5. Prove that o = (8 by using the
function

F(s) = llta(s) — ta(s)I” + Inp(s) = na(s)]%,
where t,,n, : I — R? and tg,ng : I — R? are the unit tangent and unit normal
vector functions of o and /3, respectively.

Let S C R? be a regular surface and a, 3 : [a,b] — S be two regular curves
with a(s) = ((t) € S. Give a formula for the cosine of the angle between them
at this intersection point.

Let x(u,v) be a parametrisation of a surface S C R? with the following coeffi-
cients of the first fundamental form:

4 4
E(U, U> =1+ 4U2, F(U, U) = guva G(U, U) =1+ §U2.

Let a : [0,27] — S and (§: [0,00) — S be the curves
afs) = x(cos s,sins),  B(t) = x(t,tV/3).

Show that we have for the angle of intersection 6 of both curves:

1
cosf) = ———.

2V/2

Q7 Let S C R3 be a regular surface.
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(a)

(b)
()

Let ¢ : I — S be a smooth unit speed curve with I C R an interval. Give the
definition of the geodesic curvature and normal curvature of c.

Give the definition of an asymptotic curve a: I — S in S, where I C R is an
interval.

Give and justify a condition which ensures a regular curve is an asymptotic
curve. You may quote Theorems from class in doing so.

Let S C R? be a regular surface which is globally parametrised by x : R? — R3,

u? v3
x(u,v) = (u— 7 +uv? v — 3 + v, u? —vz) .

Calculate the coefficients E, F, G of the first fundamental form with respect to
x and prove or disprove that x is isothermal.

Prove or disprove that the coefficients L, M, N of the second fundamental form
with respect to x in (a) are given by L =2, M =0, N = —2.

Calculate the principal curvatures of the surface S in (a).
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