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SECTION A

Q1 SO(3) contains the real 3× 3 matrices O for which OT = O−1 and detO = 1.

1.1 Show that SO(3) is a group.

1.2 Show that acting on a vector x ∈ R3 as x→ Ox leaves the inner form

|x|2 := x · x

invariant.

1.3 Find the Lie algebra element ` associated with the path

t 7→

 cos at sin at 0
− sin at cos at 0

0 0 1

 ∈ SO(3) .

Here a ∈ R and t ∈ [−1, 1].

1.4 Compute e`φ for φ ∈ R and ` defined in the previous sub-question.

Hint:

sin(x) =
∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1 ,

cos(x) =
∞∑
n=0

(−1)n

(2n)!
x2n .

Q2 Decide if each of the following defines a representation of the respective groups, and
explain your reasoning.

2.1 r1 : S 7→ S2 for S ∈ U(1).

2.2 r2 : S 7→ S2 for S ∈ SO(n).

2.3 r3 : S 7→
√
S for S ∈ U(1).

2.4 r4 : g 7→ det g for g ∈ U(n).

2.5 r5 : g 7→ (det g)−1 for g ∈ U(n).

Q3 Let L3 be the Lorentz group in three dimensions of space-time, i.e. L3 is the set of
linear maps {Λ} acting on (x0, x1, x2) with the property that

|x| := −(x0)2 + (x1)2 + (x2)2 ,

is invariant under
xµ → Λµ

νx
ν .

3.1 Find the conditions that Λµ
ν needs to obey to be in L3.

3.2 Work out the Lie algebra l3 of L3. [Hint: l3 is three-dimensional]

3.3 Is the exponential map for L3 surjective? Explain your reasoning.
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Q4 The field strength tensor of electromagnetism is given in terms of electric and mag-
nectic fields by

F µν :=


0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0

 .

Write the following expressions in terms of electric and magnetic fields:

4.1 Fµν .

4.2 F µνFµν .

4.3 F µνF ρσεµνρσ.
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SECTION B

Q5 Consider the adjoint representation of SU(2), in which SU(2) acts on su(2).

5.1 Write down the adjoint action of g ∈ SU(2) on γ ∈ su(2).

5.2 Let

g(φ) =

(
eiφ 0
0 e−iφ

)
.

Show that G := {g(φ)|φ ∈ [0, 2π)} is a U(1) subgroup of SU(2).

5.3 Explain why the adjoint representation of SU(2) also defines a representation
r of G, and describe the action of this representation on su(2).

5.4 Decompose the representation r defined in the previous sub-question into irre-
ducible representations ri.

5.5 Find the associated Lie algebra representation of each of the irreducible repre-
sentations ri found in the previous sub-question.

Q6 We can act with g ∈ SU(n) on the vector space V of complex n × n matrices by
letting

F (g) : M 7→ g†Mg ,

for M ∈ V .

6.1 Show that this defines a representation r of SU(n).

6.2 Show that the set W of matrices M proportional to the identity matrix form
an invariant subspace under r.

6.3 Check that r is a unitary representation with respect to the inner form

|M |2 :=
∑
i,j

M ijMij .

6.4 Use the results above to find another invariant subspace W ′ ∈ V .

6.5 For n = 2, show that restricting r to W ′ results in an irreducible representation.
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Q7 Consider a U(1) gauge theory in 3 dimensions given by the action

S =

∫
d3x1

4
FµνF

µν ,

where Fµν = ∂µAν − ∂νAµ.

7.1 How many independent components does Fµν have ?

7.2 Describe the gauge symmetry of the system and find the equations of motion.

7.3 It is possible to choose a gauge where ∂µA
µ = 0. Writing

Aµ = pµe
ikνxν

find the relations that need to be obeyed by pµ and kµ to satisfy the gauge
condition and solve the equations of motion.

7.4 Find the residual gauge symmetry left after imposing ∂µA
µ = 0. In other

words, are there gauge transformations which respect the condition ∂µA
µ = 0,

and if so what are they?

7.5 Using the residual gauge symmetry, how many physical choices of pµ remain ?

7.6 Let ∂µφ = εµνρF
νρ for a real scalar field φ. Find the action for φ.

Q8 Consider a field theory with three real scalar fields φi, i = 1, 2, 3 and action

S1 =

∫
d4x

1

2
∂µφi∂

µφi +
1

2
m2 φiφi ,

where we are using summation convention both for the Lorentz index µ and the
index i, and m2 is a constant.

8.1 Find the equations of motion following from S1.

8.2 Show that S1 is invariant under Lorentz transformations.

8.3 Show that letting φi → Oijφj, with Oij the components of a matrix O ∈ O(3),
leaves S1 invariant.

Now we introduce two more complex scalar fields χk, k = 1, 2, and let the action of
our system be S = S1 + S2 with

S2 =

∫
d4x ∂µχ̄k∂

µχk + λ

(
χ1

χ2

)†(
φ3 φ1 − iφ2

φ1 + iφ2 −φ3

)(
χ1

χ2

)
.

8.4 Find the equations of motion following from S.

8.5 For λ = 0, S has a SU(2) symmetry under which (χ1, χ2) transform in the 2
representation. For λ 6= 0, which G ⊂ SU(2) × O(3) remains a symmetry of
S?
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