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SECTION A

Q1 Consider the theory of a complex scalar field ¢(x) with the following action:
S = / d*z (—0,90"¢™ — m*¢*9)

(a) Write down the Euler-Lagrange equations of motion for ¢ and ¢*.

(b) Use Noether’s theorem to construct the conserved current j* associated with
the global U(1) symmetry ¢(z) — e™*p(z).

(c) Consider the following modified action, where g is a real constant:
§' = [ @ (0,000 — w66+ 9(6" + ())

Explain why the current j* constructed in the previous part is no longer con-
served on-shell. Write down an equation of the form d,j* = ¢f(¢, ¢*) which
holds on-shell, and where f(¢, ¢*) is a function of the fields ¢ and ¢* that you
should determine.
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Q2 Consider the theory of a free real scalar field ¢(z) with the following action:

5= [t (~5007 - "57)

The Hamiltonian may be written in terms of the usual creation and annihilation
operators aL and ay as

A3k
H = / ok (wkaLak) wk = VK2 + m?

(In this expression we have omitted a normal-ordering constant as it will not be
important for this problem). Denote the vacuum state of the free theory by |0)o.
Here and throughout k denotes a 3-vector (k, ky, k).

(a) Which of the following states are eigenstates of the Hamiltonian? If the state
is an eigenstate then compute its eigenvalue.
° ’0>0
af]0)o

af, al,0)o

(al, +a, ) 10

(b) Does the free quantum field theory above have a state with energy eigenvalue

H = 37 If so, write down the state in terms of appropriate creation operators

acting on the vacuum. If not, explain why it does not exist.

(¢) Now consider the interacting quantum field theory with the following action:

S’z/d%(—%(@gﬁf—%&—% 4)

Denote the vacuum of the interacting theory by |0). Is the state a|0) an
eigenstate of the interacting Hamiltonian? Briefly explain your answer.
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Q3 A scalar particle of type A and mass my, decays into 2 identical scalar particles
of type B and mass mp (the decay happens at the same spacetime point), where
my > mp. The decay process takes place in 4 spacetime dimensions.

(a) Use the field theory language to write a Lagrangian of the system that de-
scribes the decay process, knowing that the interaction between the two types
of particles has strength g.

Hint: There can be multiple fields and sources. You should be able to deter-
mine how many fields and sources you need.

(b) Write down an expression of the system’s generating functional Z[J] in the
presence of the source(s) J that couple(s) to the field(s). Define the terms that
appear in your expression.

(c) Express the system’s generating functional Z[.J], that describes the decay pro-
cess, as a formal functional derivative acting on Zy[J], where Zy[J] is the
generating functional of the free field(s). Do not expand your expression, and
do not take the functional derivatives.

(d) In an experiment, it was found that a single scalar particle of the type A dis-
cussed above simultaneously scatters with 3 identical massless scalar particles
of a new type C. Write down a Lagrangian that describes this process, knowing
that the strength of the interaction is A and that the interaction happens at
the same spacetime point.
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Q4 (a) What is the difference between regularization and renormalization in field the-
ory?

(b) Consider the following action of (d + 1)-dimensional scalar field theory
s—— [an]ly O p + A¢28 Y
N 27" 4 '

Draw the one-loop Feynman diagram contributing to the four-point function

O { d(w1)d(w2)(3)d(w1) } 10),

to the second order in .

Then, use the momentum-space techniques and introduce a cutoff scale A to
compute this diagram in any dimension (d + 1).

(c) What is the degree of divergence of this diagram in spacetime dimension (d+1)7
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SECTION B

Q5 Consider the interacting quantum field theory with the following action for a real

scalar field ¢(x):
2
S _ /d4ZL’ <_%(8¢)2 _ m?ng o %¢3>

(a) Write down the Feynman rules that are used to compute time-ordered corre-
lation functions in this quantum field theory.

(b) Draw all of the Feynman diagrams that contribute to the following time-ordered
correlation function in the interactive theory, up to order g2.

O[T {¢(x1)(22)} 10)

For each diagram, write down its contribution to the two-point function. You
may express your answer in terms of integrals over the position space Feynman
propagator G(z,y) — you do not need to perform these integrals.

(¢) Do disconnected diagrams contribute to the correlation function above? FEx-
plain why (or why not).

(d) Compute the invariant matrix element iM up to order g* for the 2—2 scattering
of two ingoing ¢ particles with 3-momenta p;, p2 to two outgoing ¢ particles
with momenta k; and k.
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Q6 Consider the following theory of N scalar fields, ¢;(z), where I, J, K € {1,---N}

EDO01/2024

and N > 1:
1 N m? N
_ 4 2
S = /d x (—5 ;:1 010" or — > 1221 ¢1)

(a) Show that the infinitesimal transformation d¢; = Y20, €5¢ is a symmetry of
the action above, where €;; = —e;; is a constant antisymmetric N X N matrix.
How many independent Noether currents do we expect from this symmetry?

(b) Show that the Noether currents for the above symmetry can be written as
Jry = 610"¢y — ¢50"¢r . (1)

(c) We can write the field in terms of creation and annihilation operators aL 1> Q1
labeled by I as well as 3-momentum k:

d3k 1 —iw ik-x twrt—ik-x
o= 5 (oo o)

where the commutation relations are
laf . aw.] = (27)26) (k — K')or;

Write the conserved charge @y, associated with the Noether current in Eq. (1)
in terms of the creation and annihilation operators. You should express your
answer in normal-ordered form.

(d) Use your answer to the previous part to compute the commutator

Qrr, Pk ()] .

CONTINUED
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Q7 Consider the interacting theory of two real scalar fields ¢; and ¢, with Lagrangian
density

1 1 1 A
L= 5 91 0" P1 — B P2 0"y — §m2q§f — qu‘ll — k2P,

(a) Write down an expression of the generating functional Z[Jy, Jo] as a functional
derivative of the free-field generating functional Zy[J, Jo] to a first order in the
coupling constants A and & i.e., ignore terms of order \?, k2, \x, and higher.
Here, J; and J, are two source currents that couple to ¢; and ¢, respectively.

(b) Carry out the functional derivatives of the interaction term using the diagram-
matic technique (a cross for the external source, etc.) to find an expression of
Z|J1, Jo] including terms that are first-order in A and k.

(¢) Determine the normalization constant A. Write the answer in terms of the
free position Feynman propagators.
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Q8 The following Lagrangian density describes a complex scalar field ®, two left-handed

EDO01/2024

Weyl fermions ¢y and 1), as well as the interaction between the complex scalar and
the fermions in 4 spacetime dimensions:

L= —0,00"D" — V(®,B*) + i, 015"y + i0,020" by — %(%1% + D Pyiby) .
Here, y is a real parameter and the potential V' (®, ®x) is given by

V(®, &x) = m*®d* + \(PD*)?
and both m? and ) are real. Notice here that ®* is the complex conjugate of ®.

(a) Show that the interaction term ®¢)y + ®*y1), is real.

(b) Show that the above Lagrangian density is invariant under the transformation:
1 — PP, by — PPy, & — e PO,

where (3 is a constant real parameter.

(c) Assuming m? < 0, find the minimum (or minima) of the potential V (®, ®*).
What is the fermion mass at the minimum (or minima)?
Hint: Parametrise the complex field ® as ® = pe'?.

(d) Find the degree of divergence of the two-point function (0|7{®(z)®*(y)}|0) to
the second order in y.
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