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SECTION A

Q1 Consider the marketM = (Bt, St) in which the risk-free asset Bt has price dynamics
Bt = 1.05t, t = 0, 1, 2, and the risky asset St has current price S0 = 100 and evolves
according to the binomial model with u = 1.1 and d = 0.95.

(a) Calculate the risk-neutral measure in this market.

(b) Find the no-arbitrage prices at times t = 0, 1 of a lookback option whose payoff
is given by

X = (Smax − 100)+

at time T = 2. Here Smax(ω) = max(S0(ω), S1(ω), S2(ω)).

Q2 (a) State the definition of Brownian motion;

(b) Let (Wt)t≥0 be a Brownian motion and a > 0. Prove that(−1√
a
Wat

)
t≥0

is a Brownian motion;

(c) State the definition for a stochastic process (Xt)t≥0 to be a martingale with
respect to a given filtration (Ft)t≥0;

(d) Let (Wt)t≥0 be a Brownian motion and (Ft)t≥0 be the natural filtration gener-
ated by (Wt)t≥0. Prove that

(W 2
t − t)t≥0 is a martingale with respect to (Ft)t≥0.

Q3 Let (Wt)t≥0 be a Brownian motion.

(a) State the rules of Itô calculus (box calculus) in terms of dt and dWt, and state
also the Itô formula for dF (t, St) for a smooth function F (t, x) and Itô process
(St)t≥0;

(b) Apply the Itô formula to d(W 4
t ) and express d(W 4

t ) in terms of dt, dWt and
Wt;

(c) Prove that
E[W 6

t ] = 15t3.
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SECTION B

Q4 (a) A Bermudan option is an option which can only be exercised at certain prede-
termined times T1, T2, . . . , Tn = T .

Consider the two-period binomial market, in which the risk-free interest rate
is r = 1

5
and the risky asset has the following price dynamics.

40
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48

40

24

time 0 1 2

In the context of this market, calculate the fair prices at time 0 for the following
options.

(i) a European put option with strike price K = 44 and expiry time T = 2

(ii) an American put option with strike price K = 44 and expiry time T = 2

(iii) a Bermudan put option, which can be exercised at times t = 0 and t = 2,
with strike price K = 44.

(b) Order your answers from the previous part from smallest to largest. In general,
which of the three types of put option (European, American, and Bermudan)
has the smallest price, and which has the largest? Justify your answer.

If instead, we had calculated the prices of European, American, and Bermudan
call options, would you find the same inequalities? Justify your answer.
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Q5 In this question, all call and put options are European, and have expiry date T .

(a) For each of the following portfolios, draw the graph of the payoff Φ(ST ) against
ST .

(i) Two put options with strike price K, plus one share.

(ii) One call option with strike price K, plus one call option with strike price
L, where K < L.

(iii) One put option with strike price K, short one call option with strike price
L. You should consider the cases K < L and L < K.

(b) Consider the following three portfolios.

• Portfolio X consists of two call options with strike price L = 1
2
(K1 +K2).

• Portfolio Y consists of one call option with strike price K1 and one call
option with strike price K2.

• Portfolio Z consists of one call option with strike price K1−5 and one call
option with strike price K2 + 5.

Prove that the prices of these portfolios, Xt, Yt, and Zt, are in the relation
Xt ≤ Yt ≤ Zt for any t ≤ T . Carefully justify your answer, and state any
results you use from the course.
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Q6 Let Bt = ert be the bond price with interest rate r > 0 and (St)t≥0 be the stock
price following the Black-Scholes-Merton SDE:

dSt = µStdt+ σStdWt, µ ∈ R, σ > 0, S0 = x0 > 0, t ∈ [0, T ] .

Let (Ft)t∈[0,T ] be the filtration generated by (Wt)t∈[0,T ].

(a) Let (at, bt) be a portfolio and Vt = atBt + btSt be the value process. State the
definitions for (at, bt) being self-financing and (at, bt) replicating a contingent
claim Φ at expiry time T ;

(b) Verify that St = S0e
(µ−σ2/2)t+σWt is a solution to dSt = µStdt+ σStdWt;

(c) For a smooth function F : [0, T ]× R→ R, prove

dF (t, St) =

[
∂tF (t, St) + µSt∂xF (t, St) +

1

2
σ2S2

t ∂xxF (t, St)

]
dt

+ σSt∂xF (t, St)dWt ;

(d) Let Πt(Φ) be the fair price (no-arbitrage price) of the contingent claim Φ at time
t, and let F (t, x) : [0, T ]×R→ R be a smooth function so that F (t, St) = Πt(Φ).
Prove that the hedging portfolio (at, bt) can be expressed by

at =
F (t, St)− St∂xF (t, St)

Bt

, bt = ∂xF (t, St) ,

and also prove that F (t, x) is the solution to the following partial differential
equation: ∂tF + 1

2
σ2x2∂xxF + rx∂xF − rF = 0

F (T, x) = Φ(x) .

Q7 Let Bt = ert be the bond price with interest rate r > 0 and (St)t≥0 be the stock
price following the Black-Scholes-Merton SDE:

dSt = µStdt+ σStdWt, µ ∈ R, σ > 0, S0 = x0 > 0, t ∈ [0, T ] .

Let (Ft)t∈[0,T ] be the filtration generated by (Wt)t∈[0,T ]. Let (W̃t)t≥0 be the Brownian
motion under the risk-neutral measure (martingale measure) Q.

(a) Write down the formula for dQ
dP in terms of T,WT , µ, σ, r;

(b) Let Φ be a contingent claim with expiry time T . Let Xt = EQ[e−rTΦ | Ft].
Prove that there exists a process (Ht, t ≥ 0) satisfying dXt = HtdW̃t;

(c) Let Φ(ST ) be a contingent claim with Φ(x) = x−K (K > 0) and expiry time
T . Compute the fair price Πt(Φ) at time t by using the risk-neutral valuation
formula and express it in terms of K, r, t, St and T ;

(d) Under the same setting as (c), compute the hedging portfolio (at, bt).
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SECTION C

Q8 (a) Suppose X is a random variable with unknown mean and variance, and f :
R → R is a function. Give an approximate 100(1 − p)% confidence interval
for E[f(X)] based on a sample X1, . . . , XM of size M . In your answer you
should refer to the usual unbiased estimators for mean and variance, which
you should define, and the critical z-values zα defined by P(Z > zα) = α,
where Z ∼ N (0, 1).

(b) Carefully describe a Monte Carlo algorithm to produce this confidence interval.
You can assume that you have access to a sequence of random samples from
the distribution of X.

(c) What is the approximate probability that E[f(X)] lies in the confidence inter-
val? What assumptions are necessary for this to be true?

ED01/2024
University of Durham Copyright

END


