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SECTION A

Q1 (a) Formulate what it means for a function f : H → C to be weakly modular for
some subgroup Γ of the modular group Γ1.

(b) Let N1, N2 ∈ Z>0 and f(τ) ∈Mk(Γ0(N1)) for some positive integer weight k.
Show that the function g : H→ C defined by

g(τ) = f(N2τ) ∀τ ∈ H

is weakly modular for Γ0(N1N2).

(c) Give the description of the space of modular forms for Γ1 as a polynomial ring
in finitely many generators. Write the Eisenstein series E14(τ) and the square
∆(τ)2 of the discriminant function as a polynomial in those generators. Justify
your answer.

Q2 (a) Let F be the standard fundamental domain for the action of Γ1 on H.
Describe its elements using suitable inequalities (alternatively, you may want
to describe its boundary as a union of curve segments).

(b) State the valency formula pertaining to meromorphic modular forms for Γ1,
and deduce from it, with proof, an upper bound on dimCMk(Γ1) for even k.

(c) Give an example of a weakly holomorphic modular form for Γ1 of weight −20.
(Recall that a weakly holomorphic modular form is only allowed to have poles
at infinity.)

Q3 Let λ be an arithmetic function defined by

λ(n) =

{
1 if n = 1,

(−1)r if n = p1 · · · pr is a product of potentially non-distinct primes pi,

and let 1 denote the constant function

1(n) := 1.

Let bxc denote the greatest integer less than or equal to x. Define an arithmetic
function f by

f(n) = b
√
nc − b

√
n− 1c.

(a) Prove that f(n) = 1 if n is a perfect square, and f(n) = 0 otherwise.

(b) Is f(x) multiplicative? Is it completely multiplicative? Give a thorough rea-
soning.

(c) Show that f = λ ∗ 1.
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Q4 Here, and throughout this exam let

γ = 1−
∫ ∞

1

{t}
t2
dt (1)

denote the Euler–Mascheroni constant, where {t} denotes the fractional part of a
real number t.

(a) Prove that for x ≥ 1, ∑
1≤n≤x

1

n
= log x+ γ +O(1/x).

(b) Using the Dirichlet hyperbola method (or otherwise), prove that∑
1≤n≤x

d(n) = x log x+ (2γ − 1)x+O(x1/2),

where d(n) :=
∑

k|n 1 denotes the divisor function.
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SECTION B

Q5 Let γ =

(
a b
c d

)
∈ Γ1, f ∈ Mk(Γ1) and g ∈ M`(Γ1) for k, ` ∈ Z>0. Denote the

automorphy factor of γ ∈ Γ1 with respect to τ ∈ H by j(γ, τ).

(a) Compute d
dτ

(γ.τ).

(b) By computing d
dτ
f(γ.τ) in two different ways (on the one hand, apply the chain

rule, whereas on the other hand you may first want to apply the modular
property), express f ′(γτ) in terms of j(γ, τ), f(τ), and f ′(τ), where f ′ denotes
the derivative with respect to the argument. (Think of γ as a map from H to
itself. You probably want to take (a) into account.)

(c) Show that the combination

[f, g] := [f, g]k,` := kfg′ − `f ′g

is itself modular for Γ1, of weight w(k, `) = k + `+ 2.

(d) Now consider a third modular form h ∈Mm(Γ1) (m ∈ Z>0).
Note that, in view of the previous part, we can now form the nested bracket
[[f, g], h] := [[f, g]k,`, h]w(k,`),m, defining another modular form, and similarly
[[g, h], f ] and [[h, f ], g] (where the appropriate weight subscripts have been
suppressed for ease of reading).
Show that we have the so-called Jacobi identity

[[f, g], h] + [[g, h], f ] + [[h, f ], g] = 0 .

(Hint: Notice the cyclic symmetry that should help to cut down calculations.)

Q6 (a) For a prime p, write down the explicit formula for the p-th Hecke operator Tp
mapping the vector space Mk(Γ1) to a space of functions from H to C.

(b) Show that the function Tpf , for f ∈Mk(Γ1), is periodic of period 1, that is to
say

Tpf(τ + 1) = Tpf(τ) ∀τ ∈ H.

(c) Give a formula, together with a proof, for the Fourier expansion of Tpf around
the cusp at infinity in terms of the coefficients an and suitable powers of p in
f(τ) =

∑
n≥0 anq

n (with q = e2πiτ ) where f ∈Mk(Γ1).

(d) For a fixed prime p, give a recursive formula for Tpn (n ≥ 0), discussing the
case n = 0 first.

(e) Compute the eigenvalues of T2r applied to Ramanujan’s discriminant function
∆(τ), for r = 1, 2, and 3. Justify your answer.
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Q7 (a) Prove that for all complex numbers s with Re(s) > 1, we have

ζ(s) =
s

s− 1
− s

∫ ∞
1

{t}t−s−1 dt.

(b) Prove that (s− 1)ζ(s) extends to an analytic function in the region Re(s) > 0.

(c) Prove the following Taylor expansion for ζ near 1:

ζ(s) =
1

s− 1
+ γ +

∑
n≥1

an(s− 1)n, (2)

for a sequence of complex numbers {a1, a2, ...}. Here γ as defined in (1) (see
Question 4) is the Euler-Mascheroni constant.

(d) Using (2) or otherwise, show that the function − ζ′(s)
ζ(s)
−ζ(s) is analytic at s = 1

and that its Taylor expansion at s = 1 is of the form −2γ +
∑

n≥1 cn(s− 1)n,
for some complex numbers c1, c2, ....

Q8 Throughout this question, let q ∈ N be a natural number.

(a) Define what it means for a function χ : Z → C to be a Dirichlet character
modulo q.

(b) State the orthogonality relations for Dirichlet characters modulo q.

(c) Prove that, for any integers a and n,

∑
χ mod q

χ(n)χ(a) =

{
φ(q) if n ≡ a mod q, and gcd(a, q) = 1,

0 otherwise.

Here the sum is over all Dirichlet characters modulo q and φ(q) denotes the
Euler totient function.

(d) Let χ be a real-valued character modulo q. Let f be an arithmetic function
defined by

f(n) =
∑
d|n

χ(d).

Prove that

(i) f(1) = 1 and f(n) ≥ 0 for n ≥ 2.

(ii) f(n) ≥ 1 if n is a square.
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