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SECTION A

Q1 For each of the spaces

(a) the sphere S?,
(b) complex projective space CP?, and

(c) real projective space RP?
do the following;:

e Describe a finite cell complex that is homeomorphic to the given space.

It suffices to specify how many k-cells are needed for each non-negative inte-
ger k. You do not need to specify the attaching maps.

e Determine the Euler characteristic of the space.

e State the corresponding cellular chain complex.
Be careful to specify all chain groups and all differentials.

e Compute the homology of this chain complex.

You do not need to justify any of your answers in this question.

Q2 Let f: X — Y be a continuous map between two topological spaces and
Hy(f): Ho(X) — Ho(Y)
its induced homomorphism. Consider the following statements:

(a) H,(f) is injective for all n, if f is injective.

(b)

(c)

(d) Let X =Y = S™ and suppose H,(f) is injective. Then f is surjective.

H,(f) is surjective for all n, if f is surjective.

H,(f) is an isomorphism for all n, if f is a homeomorphism.

In each case, decide if the statement is true or false. If it is true, prove it. If it is
false, find a counterexample and prove that is indeed a counterexample.

In this question, you may use your knowledge of the homology groups of any topo-
logical space without justification.
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Q3 Let T* = S x S' x S x S' be the four-dimensional torus. Let p;: T* — S be the
projection onto the i-th circle S*, and let a be a generator of H'(S';Z) = Z. Let
a; := pi(a) € HY(T*Z). You are allowed to use the fact that {ai,as,as,as} forms
a basis of H'(T%;Z) without proving it. You are also allowed to use the fact that
H{(T*) has no torsion, without proving it. You are furthermore allowed to use the
fact that the Euler-characteristic of T% is 0.

(a) What is the rank of the free abelian group H3(T*;Z)? Justify your answer!

(b) Using the Euler characteristic, deduce that the rank of H?(T%;Z) is 6. Explain
why H?(T*;Z) has no torsion.

(c) Without justifying your result, provide a basis of H?(T*;Z) in terms of cup-
products of the elements aq, as, as, as.

(d) Without justifying your result, provide a basis of H3(T*;Z) in terms of cup-
products of the elements aq, as, az, as.

(e) Without justifying your result, provide a basis of H*(T*;Z) in terms of cup-
products of the elements aq, as, az, as.

In this question, you may use that T* is a closed, connected, orientable manifold,
and results about manifolds you have learnt in class.

Q4 Decide for each of the following statements about cup-products whether they hold
or not. Give a proof of your assertions. Here T2 denotes the 2-dimensional torus
St x S and [M] € H,(M;Z) denotes the fundamental class of a closed, connected,
oriented manifold M of dimension n. You are allowed to quote computations per-
formed in class.

(a) For all a € H'(T?;Z) one has
(a—a,[T?)=0.
(b) For all @ € H*(S? x S?;7Z) one has
(a—a,[S?x S%)=0.
(c) For all a € H'(RP?;Z) one has

a—a=0>0.
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SECTION B

Q5 For n > m > 0, consider S™ as the closed subspace of S™ given by
1= Z xf} .
Likewise, for £ = n —m — 1, consider S* as the closed subspace of S™ given by

1= Zn: xz}

i=m+1

{(xo,xl,...,xm,(),...,O) e R*!

{(O,...,O,xm+1,...,xn) ER”H

(a) Show that (8™~ S™,S%) is a good pair. In other words, show that S™ ~\ S™
deformation retracts onto to S°.

(b) Compute the reduced homology of S"/S* for all integers ¢ with 0 < ¢ < n.

In this question, you may use your knowledge of the (reduced) homology groups of
spheres of any dimension without justification.

Q6 (a) Consider the following commutative diagram in which the two rows are exact

sequences:
Yn+1 Qn, B 8 On—1
— Cpyy — A, —— B, — C, —— Ay ——> By — -~
Pnt1 Lan l‘ﬁn lwn llAn,l l‘ﬂn—l
Ent1 7 d € n—1
— By — A, — D, — E, —— Ay —— Dy —— -

Find an exact sequence of the form

In+1 hnt1 fn 9n fn-1
— E, > B, s C, ® D, s B, > Bp_1 ——

Verify exactness at B, and C, @& D,, (but not necessarily at F,,).

(b) Suppose X, Y, and Z are three topological spaces satisfying X C Y C Z.
Assuming exactness of the sequence found in part (a), show that there exists
a long exact sequence of the form

= H,n1(Z2,X) - H,(Y) - H,(Y,X)®H,(Z) > H,(Z,X) - H, 1(Y) —» ---

(¢) Deduce that if the inclusion X — Z is a homotopy equivalence, then
H,(Y) 2 H(Y, X) & Hy(X)

for all n € Z.
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Q7 Consider the sequence of abelian groups
0 Cy:i=7/12 -2 ¢, =7/12 25 Cy = 7/12 — 0,

where 0y := -3: Z/12 — 7/12 denotes the map induced from multiplication with 3
on Z, and likewise 0y := -8: Z/12 — Z/12 denotes the map induced from multipli-
cation with 8 on Z.

(a) Show that this sequence is a chain complex of abelian groups (C., ).
(b) Determine its homology groups H.(C.).

(¢) Determine the cohomology groups H*(C*;Z/6) of the dual complex with co-
efficients in Z/6.

) State the Universal Coefficient Theorem.

(e) Compute the groups Hom(H;(C,),Z/6) for i = 0,1, 2.

(f) Compute the groups Ext'(H;(C.),Z/6) for i = 0,1,2.
)

Is it the case that we have isomorphisms
H'(C,,Z/6) = Hom(H;(C,),Z/6) ® Ext'(H;_1(C.),Z/6)

for © = 0,1,2?7 Does this result contradict the Universal Coefficient Theorem?

Q8 (a) State the Poincaré duality theorem.

(b) Prove that the 4-dimensional real projective space RP* is not an orientable
manifold.

(c) Is there a closed, connected, orientable 3-dimensional manifold Y with homol-
ogy groups Ho(Y) = Z, H(Y) 2 7Z/2, Hy(Y) =0, and H3(Y) = Z7?

(d) Is there a closed, connected, orientable 3-dimensional manifold Y with homol-
ogy groups Ho(Y) = Z, Hi(Y) = Z/2, Hy(Y) =2 Z/2, and H3(Y) = Z?

(e) Suppose X is a closed, connected, orientable 4-dimensional manifold with Euler
characteristic x(X) = 4 and H*(X) = 0. Determine all homology groups
H,.(X). Give two examples of distinct 4-manifolds with these homology groups!

(f) Let M and N be closed, connected manifolds of dimension m and n, respec-
tively. If one of M or N is non-orientable, or if both are non-orientable, can
the product manifold M x N be orientable?
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