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SECTION A
Q1 Prove or disprove the following assertions:
1.1 The subset of R? given by
M = {(z,y,2) € R® | 42® 4 6y* + 32> = 2}
is a smooth 2-dimensional submanifold of R3.
1.2 The subset of R? given by
M = {(z,y,2) € R® | (z—1)*+9*+2* = 1}U{(z,y, 2) € R® | (z4+1)*+¢?+2% =1}
is a smooth submanifold of R3.

Q2 2.1 State the definition of the tangent bundle T'M of a differentiable manifold M.

2.2 Let M be an n-dimensional differentiable manifold. Show that T'M is 2n-
dimensional. You may assume that T'M is a differentiable manifold.

2.3 Let
0 0 0
X = r— — 1)—
(@002) =2+ oy + 1)
0 0

be two differentiable vector fields on R? equipped with the usual chart given
by the identity. Compute the Lie bracket [X,Y].

Q3 Prove or disprove the following assertions:

3.1 The smooth manifolds S* x S* and S? x S® are diffeomorphic.

3.2 There exists a Riemannian metric g on R* such that (g;;(p)), the expression
in local coordinates of g at some point p € R? for some given coordinate chart

around p, is the matrix
-1 0
0o 1)°

3.3 The smooth manifold S* x R admits a complete Riemannian metric with sec-
tional curvature K > 1.

Q4 Let (M, g) be a Riemannian manifold.
4.1 Prove or disprove the following assertion: The Levi—Civita connection is a (f)

tensor field on M.

4.2 State the Jacobi equation for a differentiable vector field V' along a geodesic
c: la,b] — M.

4.3 Let J: [a,b] — T'M be a Jacobi field along a geodesic ¢: [a,b] — M and let
f(t) = ||J(t)||>. Show that if M has non-positive sectional curvature, then
f'(t) = 0.
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SECTION B

Q5 5.1 Let (M, g) be an n-dimensional complete Riemannian manifold, fix p € M and
suppose that exp,: T,M — M is a diffeomorphism. Let ¢: T,M — T,M be
an orthogonal transformation and define f: M — M by f = exp,op o exp, L
Show that D, is a linear isomorphism of T,M given by Df, =1 o oo,
where 9 is a linear isomorphism of T, M.
5.2 Let (M, g) be a Riemannian manifold and let f: M — R be a smooth func-
tion. The gradient of f, denoted by gradf, is the smooth vector field on M
characterised by

Y(f) = (gradf,Y)
for all Y € X(M). Show that, if X and Y are smooth vector fields on M, then

(Vxgradf,Y) = (Vygradf, X).

You may use in your computations the fact that the Levi-Civita connection is
torsion-free and compatible with the Riemannian metric, as well as the prop-
erties of the Lie bracket.

5.3 Let (M, g) be a Riemannian manifold and let f: M — R be a smooth function.
Consider the smooth vector field X on M given by X (p) = gradf(p) for all p €
M. An integral curve of X through p, € M is a smooth curve v: (—¢,e) — M
such that v(0) = p, and +/(t) = X (v(t)) for all t € (—¢,¢). Use the identity
in question 5.2 to show that, if ||gradf(p)|| = ¢ > 0 for all p € M, then the
integral curves of X are geodesics.

Q6 Consider the smooth manifold M = {(z,y) € R? | x > 0} with the global chart given
by the identity map. Let g be the Riemannian metric on M given by ¢11(z,y) = 1,

g12(z,y) = go1(z,y) = 0, and goo(z,y) = e,
6.1 Compute the sectional curvature of M.

6.2 Let a,b,c > 0. Show that the differentiable curve ~: (0,00) — M given by
~(t) = (at + b, c) is a geodesic in M.

Q7 Fix a positive integer n and let M (2n,R) denote the set of 2n x 2n real matrices.
Let Id,, be the n x n identity matrix and define

Sp(2n) = {A € M(2n,R) | ATQA = Q}

0 Id,
Q_<4% o)‘

The elements of Sp(2n) are called 2n x 2n symplectic matrices.

where

7.1 Show that Sp(2n) is a group under matrix multiplication.
7.2 Show that Sp(2) is a Lie group and determine its dimension.
7.3 Express T14,5p(2) as a subset of M(2,R).
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Q8 8.1 State the definition of a local isometry between two Riemannian manifolds
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8.2

8.3

(M, g) and (N, h).

Let M and M be smooth connected manifolds. A map 7: M — Misa covering
map if 7 is smooth and surjective, and each point in M has a neighbourhood U
such that  maps each component of 7=1(U) diffeomorphically onto U. Suppose
that M has a Riemannian metric g. Show that M has a Riemannian metric g
such that the covering map m: M — M is a local isometry.

Let M be a differentiable manifold and let V be an affine connection on M.
Show that the map T: X(M) x X(M) — X (M) given by

T(X,Y)=VxY - VyX — [X,Y]

defines a (f) tensor field on M. You may use without proof the properties of
an affine connection and of the Lie bracket.
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