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SECTION A
Q1 Let (Sk)i™, be a 2n-step trajectory of a simple symmetric random walk starting at
the origin (and making jumps +1 with probability 1/2) and consider the probabili-
ties
Uop — P(Sgn = 0) s fgn = P(Sl 7é O, Sg 7é O, .. .,Sgn,1 7é O, Sgn = O) .
(a) Show that uy, = (2:) 272" and fo, = 2092 272", where
1 [2n (2n)!
Co = =
n+1\n (n+1)n!

are the Catalan numbers.

(b) Deduce that fgn = % Uop—2 = Up—2 — Uop.

(¢) Describe all real a for which »_ -, n®fa, < cc.

Q2 Let m be a permutation of the set {1,2,...,n}, chosen uniformly at random.

(a) If A, = {m is a fixed point of 7}, find the probability P (A, NA4,,N---NA,,)
for distinct 1 < m; <mg < -+ < my < n.

(b) Let S,, be the number of fixed points of 7. By using inclusion-exclusion or
otherwise, find P(S, > 0) = P(U,_,A.,); deduce that P(S, = 0) — e ! as

n — Q.

(c¢) Show that, as n — oo, the distribution of S,, converges to Poi(1), the Poisson
distribution with parameter 1.
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SECTION B

Q3 For an n-sample {X;C}Zzl from the uniform distribution on (0, 1), let Xy and Ay X
be, respectively, the kth order variable and the kth gap.

(a) For positive a find the limit of P(nX(1) > a) as n — co. What does it tell you
about the large-n behaviour of nX ) = nA;H X7

(b) By using induction or otherwise, show that

n+1

PIAOX Z 71 Apan X = mnga) = (1 - Zm)n

k=1

if positive r; satisfy ZZ:} r, < 1. Deduce that all gaps Ay X have the same

distribution. What does it tell you about the typical size of A,y X for large n?

(c) Let A*X = ming A)X be the size of the minimal gap of the n-sample under
consideration. For positive a find the limit of P(n?A* X > a) as n — oco. What
does it tell you about the typical size of the minimal gap A¥ X for large n?

Q4 Let (X,,)n>1 be independent random variables with common Geom(p) distribution,
that is, X, takes integer values and satisfies P(X; > k) = ¢* with ¢ =1—-p € (0,1)
and integer k > 0.

n—oo

Xy
(a) Find a constant ¢ such that P(lim sup Toan = ) =1
ogn

b) Consider M, = max X}, the running record value at time n. Show that with
1<k< &
n

the same constant ¢ as above,

M,
F’(limsmp1 :c)zl.
n—oo logmn

(¢) Compute the probability P(M,, < z) and use your result to find a constant c
such that P( lim Mo — c) =1.

n—oo logn

In your answer you should clearly state every result you use.

Hint: You may use without proof the following fact: If (x,),>1 are real numbers,

m, = max xj, and a monotone sequence (b,),>1 increases to infinity as n — oo,
1<k<n =

then the sets {n € N : z, > b,} and {n € N : m, > b,} are both finite or both
infinite.
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