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SECTION A

Q1 1.1 Let n be a natural number, n > 3. Compute the number of Dyck paths of
length 2n with the rightmost peak of height n — 3.

1.2 Denote by px(n) the number of Young diagrams A - n with k£ rows. Show that
pr—1(n —1) + pr(n — k) = pr(n)

Q2 2.1 A poset P is a meet-semilattice if every two elements have a meet. Show that
a finite meet-semilattice with a unique maximal element 1 is a lattice.

2.2 Let A be a root system of type C5. Let A, be the set of short roots of A. Show
that A, is a root system and find its type.

Q3 (a) Let w=36748215 € Sg. Apply the Robinson-Shensted-Knuth (RSK) algo-
rithm to compute the insertion and recording tableaux P and Q).

(b) Let (P, Q") be standard Young tableaux of shape A = (4,2,1,1) F 8, where
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Find w’" € Sg which is taken to the pair (P’, Q") by the RSK algorithm.

Q4 (a) Let (G,S) be a Coxeter system of type Go. Show that two simple reflections
of G are not conjugated to each other in G, i.e. sy # gsog~! for any g € G.

(b) Let (G, S) be an irreducible Coxeter system, G = (s1,...,s, | 52, (sis;)™4).
Suppose that for any s;,s; € S either m;; = 2 or m;; = 3. Show that any two
reflections in (G, S) are conjugated to each other.

SECTION B

Q5 Given a permutation w = wy ... w, € S,, recall that i € [n] is an excedance of w if
i <w;, 1 € [n]is a weak excedance of w if i < w;, and i € [n — 1] is a descent of w
if w; > w;41. Denote by exc (w) and wexc (w) the numbers of excedances and weak
excedances of w respectively.

(a) Compute the generating function fye (r) = Y. %@ for n = 3.
wESy

(b) Recall from lectures that there exists a bijection f : S, — S, taking ex-
cedances to descents. Let w € S, have k + 1 weak excedances, and let
v = vvy...v, = f(w). Compute the number of descents of the permu-
tation v/ = v,Vp_1 ... VU1

(c) Show that statistics exc and wexc — 1 are equidistributed (i.e., for any k the
number of permutations in S, with k£ excedances is equal to the number of
permutations in S, with k& + 1 weak excedances).
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Q6 Let (G, S) be a Coxeter system. Given s € S, denote by P; the set of g € G such
that I(sg) > l(g), where [(g) denotes the length of g.

(a) Show that (] Ps = {e}.

seS

(b) Show that for s € S and g € G either I(sg) > I(g) or I(sg) < I(g).
(¢) Show that for every s € S the sets Py and sPs do not intersect, and P;UsP; = G.
(d) Let s,t € S, g € G. Show that if g € P, and gt ¢ P;, then sg = gt.

Q7 Denote by Fj(n) the number of plane trees with n edges such that the root has
precisely k children.

(a) Show that Fi(n) = Fy(n) = C,,_1, the (n — 1)-st Catalan number
(you can use all results from lectures).
(b) Fix k > 1. Compute the generating function Fy(z) = > Fy(n)z"
n=0
(express Fi(x) via C(x), the generating function for Catalan numbers).
(c) Define Fy(0) =1 and Fy(n) = 0 for n > 0. Show that the generating function

F(x,y) = S Fi.(n)z™y* is equal to —————.
(2, y) MZ:O k(n)a"y" is eq —er

Q8 Let A be a root system of type Bs.
(a) Compute the Coxeter number of A and the exponents of the Weyl group of A.

(b) Let P be the root poset of A. Draw the Hasse diagram of P.

(c) Draw the Hasse diagram of the poset of order ideals of P. Identify join-
irreducible elements.
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