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SECTION A
Q1 Consider the set
C'[0,1] = {f :[0,1] — R | f is continuously differentiable on [0, 1]}

together with the pointwise addition and scalar multiplication. You may use without
proof that C [0, 1] is a vector space under these operations. Define

|| : C*[0,1] = R
by
1A=l + 511 M
where
nmngﬁﬁuww

1.1 Show that ||-|| is a norm on C* [0, 1].
1.2 Show that (C'[0,1],|-||) is a Banach space.

Q2 Let X and Y be two normed spaces and let 7' € B (X,)). Assume that for any
r,ye kX
[Tz = Tylly = llz = yll -

2.1 Show that if X is a Banach space then so is R (T').
2.2 Show that if R (T') is separable then so is X.

Q3 In X = C(R) equipped with || f|| = sup,eg | f(x)|, define T': D(T) C X — X by
(Tf)(x)=f(0), z€R, for feDT)=CR).

3.1 Show that the operator T is not bounded.

3.2 Show that T is not closed.
Hint: Find a sequence {f,}neny C D(T) such that lim f, =0 ,lim T'f, =g

for some 0 # g € X.

Q4 In ‘H = L*([0,1]) define T : H — H by

TH@ =i [ =i dn seD1, for e

4.1 Show that the operator 1" is bounded.
4.2 Show that 7' is symmetric.
4.3 Show that T is selfadjoint.
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SECTION B

Q5 Let X be a Banach space and let T' € B (X, X). Assume that there exists a non-
negative sequence {c,}, .y such that

ch<oo

neN

and for any z,y € X
[Tz = T"y|| < cullz =yl

5.1 Show that |7 < ¢,.

5.2 Show that Sy = Zivzo T" converges with respect to the operator norm in
B (X, X) to some bounded linear operator S.

5.3 Show that T'S = ST
You may use without proof the fact that if {A,}, . C B (X, X) converges with
respect to the operator norm to A € B (X, X) then for any B € B (X, X) we
have that
lim A,B = AB, and lim BA, = BA.

n—oo n—oo

5.4 Show that STz + x = Sx for any + € X. Conclude that S is invertible and
that its inverse is a bounded linear operator.

Q6 Consider the operator T': lo, (N) — £ (N) defined by
ap + a Z?:l a; )

5 gos ey 0

T (ay,a9,...,4n,...)= (al,
6.1 Show that 7" is well defined by showing that for any a € /., (N)
sup [(T'a),| < [la]|, -
keN

6.2 Show that T is injective.
6.3 Explicitly find a,, € ¢« (N) such that T'a,, = e,, where

1, k=n,
(en)y =
0, k#n.
Use this to show that 77! : R (T) — £« (N) is not a bounded operator.
Q7 In H = (5(N) let T : H — H be the linear operator defined by
T(l’l,l'g,l’g, . ) = (0,0,l‘l,xg,.%g,. . )

7.1 Show that 7" is bounded and find ||T'||.
7.2 Find the adjoint operator 7™ and its operator domain.
7.3 Find 0,(T), 0,(T*) and o(T).
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Q8 Let H = {x € (r(N) | 377 |nx,|? < oo}. You may use without proof that H is a
Hilbert space with scalar product (z,y) = > -, n*z,¥,. Let B : H x H — C be
defined by

e}

B(w.y) =) (i" +20°)z,70, ,y € M.

n=1
8.1 Show that B is a sesquilinear form.

8.2 Show that the sesquilinear form B is bounded and coercive.

8.3 Let f:H — C be defined by
flx) = an, x cH.
n=1

Show that f € H* and conclude that there exists y € H such that B(x,y) =
f(x) for all x € H.
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