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SECTION A

Q1 Let (X,T ) be a topological dynamical system and suppose that X does not have
isolated points—in other words, for all ε > 0 and each x ∈ X, the ε-ball Bε(x)
around x contains infinitely many points.

(a) Define what it means for (X,T ) to be forward transitive.

(b) Show that if (X,T ) is forward transitive, then for each pair of open sets U, V ⊆
X there is n ∈ N with T nU ∩ V 6= ∅.

Q2 In the following, we consider the system (T1, E2), where E2 denotes the doubling
map E2(x) = 2x mod 1 (x ∈ T1).

(a) Show that Lebesgue measure λ is invariant for (T1, E2).

(b) Show that Lebesgue measure λ is ergodic for (T1, E2).

Hint: You may use without proof that if f ∈ L2(T1,B, λ) with
f(x) =

∑
n∈Z an exp(2πinx), then an → 0 as |n| → ∞.

Q3 Let A be the following matrix

A =


0 1 0 1
1 0 1 0
1 0 0 1
1 1 0 0

 ,

and let σ : Σ+
A → Σ+

A be the shift map.

(a) Show that A is primitive.

(b) State the Perron-Frobenius theorem for non-negative primitive matrices.

(c) Use the fact that

(
1
1
1
1

)
is an eigenvector of A to show that htop(σ) = 1.

Q4 Let T : X → X be a continuous map and X a compact metric space with metric
d(·, ·).

(a) Show that for each n ∈ N,

dn(x, y) := max
0≤k≤n−1

d(T kx, T ky)

(for all x, y ∈ X) is a metric on X.

(b) State the definition of the topological entropy of T in terms of the covering
number of X with respect to dn.

(c) Show that if T is an isometry of X with respect to the metric d(·, ·), then
htop(T ) = 0.
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SECTION B

Q5 Let A = {a1, . . . , am} be a finite alphabet and consider AN equipped with the metric

d((xn)n∈N, (yn)n∈N) := 2−min{n∈N : xn 6=yn}

In the following, (X, σ) denotes a subshift of (AN, σ) which admits only one invariant
measure which we denote by µ.

Recall that (X, σ) is a subshift of (AN, σ) if X ⊆ AN is closed and σ-invariant, where
σ denotes the left-shift on AN.

(a) Show that µ is ergodic.

(b) Show that for eachm ∈ N and each cylinder set [u1, . . . , um], there is c[u1,...,um] ≥
0 such that for all x ∈ X

lim
n→∞

1

n
·#{` = 0, . . . , n− 1: σ`x ∈ [u1, . . . , um]} = c[u1,...,um].

(c) With the notation of the previous item and with A = {0, 1}, suppose c[0] = 1/3
and c[1] = 1/7. Consider the function f on X with

f(x) :=

{
1 if x1 = 0;

2 if x1 = 1,

where x = (x1, x2, . . .). Compute the integral
∫
X
f dµ.

Q6 In all of the following, (X, f) and (Y, g) are topological dynamical systems. We call
(X, f) positively expansive if there is δ > 0 such that for each pair x 6= y ∈ X
there is n ∈ N ∪ {0} with d(fnx, fny) > δ.

(a) Show that the doubling map is positively expansive.

(b) Define what it means for (X, f) and (Y, g) to be topologically conjugate.

(c) Suppose (X, f) is positively expansive and (Y, g) is topologically conjugate to
(X, f). Show that (Y, g) is also positively expansive.

(d) Now, suppose that (Y, g) is positively expansive and (X, f) is an extension of
(Y, g). Is (X, f) necessarily positively expansive? Justify you answer.

Hint: Think of products.

Q7 Let (X,B, µ) be a Borel probability space and α = {A1, A2, . . . , An} a finite mea-
surable partition of X.

(a) Give the formula for the measure-theoretic entropy Hµ(α) of the partition α.

(b) Use the fact that ϕ(x) = −x log2 x is concave to show that

Hµ(α) ≤ log2 n.

(c) Let β = {B1, B2, . . . , Bm} be a finite measurable partition of X that is inde-
pendent of α. Show that

Hµ(α ∨ β) = Hµ(α) +Hµ(β).
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Q8 Let M ∈ ±SL(d,Z) be hyperbolic and let M̃ : Td → Td be the toral automorphism
associated to M .

(a) Show that for any n ∈ Z>0, M
n − I is invertible, where I is the d× d identity

matrix. Hint: xn − 1 =
∏n−1

j=0 (x− ωj), where ω = e2πi/n.

(b) Let x ∈ Rd be such that Mnx = x+ j for some j ∈ Zd and n ∈ Z>0. Show that
x ∈ Qd.

(c) Let v ∈ Qd. Writing v = 1
q
j for some j ∈ Zd and q ∈ Z>0, use the fact

that there are only finitely many points in [0, 1)d ∩ 1
q
Zd to show that [v] is

M̃ -periodic.
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