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SECTION A
Q1 Consider the following classical trajectory of an open string:
X =wr, X' =cos(wr)cos(wo), X?=sin(ar)cos (bo),
and assume conformal gauge.

1.1 Determine the values of a and b so that the open string solves the equations of
. 7 . 2
motion (X - X" ) = 0 and the Virasoro constraints (X + X’ ) =0.

1.2 Recalling that the endpoints of the string are at ¢ = 0 and o = 7, what con-
straint does w need to satisfy in order for the string to have Neuman boundary
conditions?

Q2 For a closed bosonic string we may write X*(z,z) = X#(z) + X#(z) where X*(2)
and X*(Z) have the following operator product expansions:

/

XM(2) XY (w) = —%n““ln(z—w)+... (1)
X*(2)X"(w) = —%n“”ln(z—w)#—... (2)
XP)XY (@) = .., (3)

where ... denote non-singular terms in the expansion.

2.1 Use (1)-(3) to derive the following operator product expansions:

1 ~ 1

T(z)X*(w,w) = . _wﬁX“(w,w)+..., T(2)X*(w,w) = — wéX“(w,@)—i—...
(4)
where
T(z) = —% 0X(2)-0X(2):, T(2) = —% 10X (2)-0X(2) .

2.2 Use (4) to compute the singular part of the operator product expansion of T
and T with the following operators:

OXH(w,w), OX"(w,w), O*X"(w,w).

Which of these operators are conformal primaries? What are their conformal
weights?

Q3 Consider the Clifford algebra
{17} =291,

with I the identity operator and n* = diag(—1, 1, ..., 1) the standard D-dimensional
Minkowski metric. Show that in any unitary representation of the Clifford algebra,
i.e. any representation such that (I'*)" = (I'*)~!, we must have

(FO)T:—FO, (Fi)T:Fi,izl,...,D—l.

Then deduce the identity
(I =170,
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Q4 Consider a Grassmann operator @ which is the generator of a fermionic symmetry.
On any field operator i) (bosonic or ferrmomc) the infinitesimal symmetry transfor-
mation generated by Q is given by d® = ile Q, (ID] with € an infinitesimal Grassmann
parameter.

Show that

5@:{ [{;5

A] , for & bosonic,
o} for @ fermionic.
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SECTION B

Q5 Recall the Nambu-Goto action

o

1, -
%m“/dUV—d%QLXW%X(%»,

where G, is the background metric. Consider a closed string in a background

metric
ds® = —dt® + dr? + r?d6*.

5.1 Let t =7 and 0 = 0, and r = r(7). Show that the action is given by

S = —i//dtr\/l—ifz.

(07

5.2 Let L = —ér\/ 1 — 72. Show that the Hamiltonian H = II,7 — £ can be written

as
H= /21 V),

where II, = 0L/0r and you must find the potential V(7). Describe qualita-
tively how the string moves in this potential.

Q6 The closed string scattering amplitude for n tachyons in bosonic string theory takes
the form

2 o'pjp
A, /H?:ld zillj |25 — 2" P77,

where the external momenta satisfy )" | pi = 0 and p? = 4/a’. Now consider an

SL(2,C) transformation
az; +b

cz +d’

where a, b, ¢, d are complex numbers statisfying ad — bc = 1.

Zi —

6.1 Show that under the above transformation

dZZ'
dZi A a——
(czi +d)
Zi — Zj
Ri — Rj —

(czi +d) (czj +d)’
6.2 Show that the n-point tachyon amplitude is SL(2,C) invariant.
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Q7 Consider the quantum Hamiltonian
H=adla+ [T,
where a', a are canonical bosonic creation /annihilation operators and f f, f are canon-
ical fermionic creation/annihilation operators, i.e. they satisfy
[a,a'] =1, [a,a) = [a',a'] =0,

{(f./M=1 {LAa={L7r=0

while all the bosonic operators commute with all the fermionic operators:

The Fock vacuum |0) is the unique normalised state annihilated simultaneously by
a and f, i.e.
a0y = f10)=0.

7.1 Consider the state
[n,0) = (a%)"|0) ,
and compute H |n, 0).
7.2 Define the fermionic operator Qf = aft and compute Q' |n, 0).

7.3 Finally compute HQ' |n,0). From this calculation which consequence can you
deduce for the spectrum of the Hamiltonian?
Q8 The RNS gauge-fixed Polyakov action is given by

1 —
SP = / d20' nab (aaX“&,XV + imupaabqju> 77/11/ )
%

Y e

where X*#(o) are D worldsheet bosonic fields, while ¥*(o) are D worldsheet Majo-
rana fermions. The 2-dimensional Dirac matrices are

o (0 1 L (01
p‘(—10’ =1 o)

8.1 Compute the equations of motions for X#(o) and ¥#(o). You may discard
boundary terms.

8.2 Show that the supercurrent
L,
Ja = Ep pa\IJ“ﬁqu,
satisfies the off-shell (i.e. without using the equations of motion) relation
p*J, =0.
8.3 Show that the supercurrent J is conserved on-shell, i.e. show that

0'J, =0.
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