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Q1 Let n > 2 be a natural number.

(a) Show that

(b) Show that

[Hint: Use an inequality from the lectures.]
Q2 (a) Let a,b € R with a # b. Show that
X={zeR|(x—a)(z—>b) <0}

is non-empty and bounded, and determine sup(X). Also, decide whether X
has a maximum. Justify your answer.

(b) Let M C R\ {0} be a non-empty set with inf(M) > 0. Show that

1
le M}
T

is bounded, and show that sup(N) = m

N:{xGR

Q3 Calculate the limits of the following sequences, or show that the limit does not exist.
State any results that you use.

_ /n+logn

(®) 7, =VIN2+2n+1—vVIn2 —2n — 1,

1 n+1
n=11 )
(c) z ( +n+3)

Q4 (a) For n € N let

o +(=1)™(2n + 1).

Determine limsup,,_, . =, and liminf, . .

(b) Let (z,)nen be a sequence and assume that

|l’n+1 — $n| < == |«rn - .Tn_1|
2

for all n > 2. Show that (z,),en is a Cauchy sequence.
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Determine whether the following series are convergent. If they are convergent, also
determine whether they are absolutely convergent. State any results used.

(a) > 107",
- 3
0) 31"

i\/n—ﬂ

1n2—n+1'

(a) Give the (e, d)-definition of continuity of a function f : X — R at a point
xr =c € X, where X is an open subset of R.

(b) Let g : (1,00) — R be function satisfying

l9(x) = g(y)| < M|Ve = /yl

for all z,y € (1,00). Show, using the definition of continuity in (a), that g is
continuous at any point ¢ > 1.

(c) Give the negation of the statement (a); that is, the precise logical statement
that the function f is not continuous at x = c¢. Quantifiers would be allowed.

(a) State the mean value theorem.

As a consequence derive the following fact: Let f : I — R be a differentiable
function on an interval I with f’(z) > 0 for all z € I. Then f is monotonically
increasing.

(b) For r # 0 any non-zero real number and z > —1, let f(x) = (1+x)". Compute
what Taylor’s Theorem (with Lagrange remainder) for n = 1 and ¢ = 0 states
for this function.

As a consequence derive the Bernoulli inequality for real exponent r > 1. That
is,
(I+x)" >14rz

for all z > —1.

(a) Find all € R such that Z (:22—4]3 converges.
k=1
2. kcos(kx) | , . .
(b) Show that f(x) := Z —  sa continuous function on R and explicitly
k=1

/2
evaluate / f(x)dx as a (rational) number. Justify your reasoning.
0
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Q9 Define a function on I = [0,00) by f(x
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Throughout, do NOT try to evaluate the integral in any way.

Show that the improper integral converges for all z € I.

Set a = f(0). Show that f is differentiable on (0, c0) and is a strictly monotone
decreasing function mapping [0, 0o) bijectively to (0, «].

Show that the inverse function g(u) of f(z) exists and is differentiable on (0, &)
satisfying [¢'(u)]* = g(u)® + 1.

Show that the sequence of functions f,(x) = iig

f(x) = % on compact subintervals [—r,7] of (—1,1) with 0 <r < 1.

converges uniformly to

Give an example of a sequence of continuous functions f,(z) on [0,1] such
that the pointwise limit f(x) is not continuous. Conclude that the convergence
fn — [ cannot be uniform.
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