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SECTION A
Q1 Consider the function
f(2) = f(z+iy) = 2* — 62%y* +y* +i (4x3y - 4xy3) )

(a) At which points is f complex differentiable? Justify your answer.

(b) At which points is f holomorphic? Justify your answer.

Q2 (a) Use the definition of sin(z) and cos(z)

67,2 _ e—lZ e’LZ + e—lZ

Sin(Z) — T’ COS(Z) = 2
[

to show that for any z € C

2sin(2z) sin(z) = cos(z) — cos(3z).

Wl

(b) Using the principal branch of the logarithm calculate (\/Li + ’2>

s

Q3 Let a,b,c be complex numbers, with a # 0, and let v denote the contour |z| = 3
traversed anticlockwise. For w € B3(0) = {2z € C: |z| < 3} consider the function

1 az’> 4+ bz +c

o(w) = —/ az tbzte, (] < 3).

271 Z—w

(a) Evaluate g(w), stating clearly any results that you use.

(b) Hence, explain why ¢ can have at most two fixed points in Bs(0); that is,
points w with |w| < 3 such that g(w) = w.

Find these fixed points in the case that a =b =1 and ¢ = —1.

Q4 Suppose f is holomorphic on C and consider the function g(z) = exp(f(z)).
(a) By differentiating g, or otherwise, show that if g were constant on C then f
would also have to be constant on C.

(b) Suppose there exists some real constant M > 0 such that |Re(f(z))| < M for
all z € C. By proving that g is bounded on C, show that f must be constant
on C. State any result that you use.

(c¢) Explain why this means that all bounded harmonic functions on C are constant.
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SECTION B

Q5 (a) Prove that the general form of a Mobius transformation that takes the up-
per half plane H = {z € C: Im(z) > O} to the right half plane Hp =
{z € C:Re(z) >0} is
.az+b
= +d

M(z) =

where a, b, c,d € R and ad — bc = 1.

(b) Show that if M (z) is a Mobius transformation that takes the upper half plane
H to the right half plane Hg and if M (i) = 1 then

M(—i) = —1.
(¢) Let M(z) be a Mobius transformation that takes the upper half plane H to the

right half plane Hg and such that M (i) = 1 and M (0) = 0. Find the image of
the unit disc D under M(z).

Q6 In this question you may use without proof the fact that that for z = x + 1y

cos(z) = cos(x) cosh(y) — isin(z) sinh(y).

Consider the series

Z COS?;(Z) (1)

(a) Show that for any a > 0 the series converges uniformly in
Vo={2€C : —a<Im(z) <a}.
(b) Show that for any 8 > 0 the sequence of functions

_ cos?(z)

fa(2) =

n!

does not converge uniformly to f(z) =0 on
Ds={z€C : —p <Re(z) < g}

by finding an appropriate purely imaginary sequence {z,}
{2n}nen C iR,

nely 1-€. a sequence
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Q7 In this question you may use without proof the fact that the zeros of g(z) = sin(z)
lie at precisely the points z = wk for k € Z, and that e — 1/e > 2.

Consider the function f(z) = sin(z) — 1/z, defined for all z € C\ {0}. Let

L:{zeC:Re(z)e (g%ﬂ)}

be an open vertical strip in C\ {0} and for any real R > 1 define the subset
L(R)={z€ L:Im(z) € (—R,R)}.
Denote by ¢(R) the rectangular contour bounding L(R), traversed anticlockwise.

(a) Show that on the vertical lines Re(z) = m + 7/2 we have
|sin(z)] = %(elm@ + e M) = cosh(Im(z)).
Similarly, show that on the horizontal lines Im(z) = £R we have
[sin(2)| > %(eR =
Hence, conclude that |sin(z)| > 1 for all z on the contour ¢(R), when R > 1.

(b) Use Rouché’s Theorem to show that for all R > 1 the function f has exactly
one zero in L(R). Explain why this means that f has exactly one zero in the
vertical strip L.

(c) Assume that f has no zeros on the vertical lines Re(z) = 7 £7/2, and consider
the contour /() corresponding to the case R = m. Using part 7(b), evaluate

the integral )
() _ z%cos(z) + 1
/M ekl o2 -1

State any results that you use.

Q8 Consider the meromorphic function f(z) = e %# (1 4 2%)~1.

(a) For R > 1 let Cg be the semicircular contour in the lower half-plane defined
by Cr(6) = Re' for § € [—7,0]. Show that

(2)dz— 0 as R — 0.
Cr
(b) Let Lg be the straight line segment on the real axis that begins at the point
2z = R and ends at the point z = —R. By integrating f around the ‘D-shaped’
contour given by L U Cj, evaluate
R 2z

li dz.
e _p 1+ a2 v

(¢) In answering part 8(b), why could we not integrate f around the usual D-

shaped contour consisting of the line segment joining z = —R to z = R and
the semicircular contour in the upper half-plane given by Cgr(f) = Re' for
6 €[0,7]?
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